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Motivation and Contribution

Bivariate-bicycle (BB) quantum LDPC codes

are compact two-block CSS codes with sparse

checks and strong finite-length behavior. Stan-

dard BB codes use commuting two-dimensional

circulant permutation matrices (CPMs).

We keep the BB polynomial base fixed and

add a structured affine-permutation/voltage

layer.

Each base monomial 𝑥𝑎𝑦𝑏 is replaced by a

lifted monomial ℳ(𝑎, 𝑏; 𝜆, 𝜇; 𝑒) acting on

Zℓ × Z𝑚 × Z𝑞.

The first two entries preserve the BB base;

(𝜆, 𝜇; 𝑒) control the shift of the added sheet

coordinate 𝑠 ∈ Z𝑞.

The BB two-block form is retained:

𝐻𝑋 = [𝐴 𝐵], 𝐻𝑍 = [𝐵𝑇 𝐴𝑇], with
𝐴𝐵 + 𝐵𝐴 = 0 enforced after lifting.

BB Code Layer

A weight-six BB code is specified by sparse

polynomials

𝑅 = 𝔽2[𝑥, 𝑦]/(𝑥ℓ − 1, 𝑦𝑚 − 1),
𝑃 = ∑

𝑖
𝑥𝑎𝑖𝑦𝑏𝑖 , 𝑄 = ∑

𝑗
𝑥𝑐𝑗𝑦𝑑𝑗 .

Let 𝑆𝑟 denote the 𝑟 × 𝑟 one-step cyclic permu-

tation matrix. Define the two BB CPM shift op-

erators 𝑥 = 𝑆ℓ ⊗ 𝐼𝑚 and 𝑦 = 𝐼ℓ ⊗ 𝑆𝑚; these

commute, so 𝑥𝑦 = 𝑦𝑥. Setting 𝐴 = 𝑃(𝑥, 𝑦) and
𝐵 = 𝑄(𝑥, 𝑦) gives
𝐻𝑋 = [𝐴 𝐵], 𝐻𝑍 = [𝐵𝑇 𝐴𝑇], 𝐻𝑋𝐻𝑇

𝑍 = 𝐴𝐵+𝐵𝐴.
For ordinary BB codes, 𝐴𝐵 + 𝐵𝐴 = 0 follows

from 𝑥𝑦 = 𝑦𝑥.

Lifted Monomial / APM Layer

Replace each CPM monomial by ℳ(𝑎, 𝑏; 𝜆, 𝜇; 𝑒)
(𝑖, 𝑗, 𝑠) ↦ (𝑖 + 𝑎, 𝑗 + 𝑏, 𝑠 + 𝜆𝑖 + 𝜇𝑗 + 𝑒),

on Ω = Zℓ × Z𝑚 × Z𝑞, where 𝑠 ∈ Z𝑞 indexes the

𝑞 sheets. All coordinates are reduced modulo

ℓ, 𝑚, 𝑞. Therefore
𝐴 = ∑

𝑖
ℳ(𝑎𝑖, 𝑏𝑖; 𝜆𝑖, 𝜇𝑖; 𝑒𝑖),

𝐵 = ∑
𝑗

ℳ(𝑐𝑗, 𝑑𝑗; 𝛼𝑗, 𝛽𝑗; 𝑓𝑗).

Ignoring (𝜆, 𝜇; 𝑒) recovers the original BB poly-

nomial support. For example, ℳ(0, 1; 1, 0; 0) is
still the base monomial 𝑦, but it maps (𝑖, 𝑗, 𝑠) to
(𝑖, 𝑗 + 1, 𝑠 + 𝑖).
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CSS Validity

For two lifted monomials

𝑇 = ℳ(𝑎, 𝑏; 𝜆, 𝜇; 𝑒), 𝑈 = ℳ(𝑐, 𝑑; 𝛼, 𝛽; 𝑓),
a useful pairwise commutation check is

𝜆𝑐 + 𝜇𝑑 ≡ 𝛼𝑎 + 𝛽𝑏 (mod 𝑞).
The construction uses the exact BB product con-

dition

𝐴𝐵 + 𝐵𝐴 = 0,
which is equivalent to 𝐻𝑋𝐻𝑇

𝑍 = 0.

Girth 8 Return-Map Test

Write a lifted term as 𝑡 = (𝑎, 𝑏; 𝜆, 𝜇; 𝑒) and let

𝑇𝑡 = ℳ(𝑎, 𝑏; 𝜆, 𝜇; 𝑒). Its inverse is

𝑇 −1
𝑡 (𝑖, 𝑗, 𝑠) = (𝑖−𝑎, 𝑗−𝑏, 𝑠−𝜆(𝑖−𝑎)−𝜇(𝑗−𝑏)−𝑒).

Let Γ2𝑟(𝐻) denote the set of length-2𝑟 closed

walks in the block Tanner graph of 𝐻. For 𝐶 =
(𝑡1, … , 𝑡2𝑟) ∈ Γ2𝑟(𝐻), define

𝑊𝐶 = 𝑇 −1
𝑡2𝑟

𝑇𝑡2𝑟−1
⋯ 𝑇 −1

𝑡2
𝑇𝑡1

.
The walk becomes an actual lifted Tanner cycle

iff 𝑊𝐶 has a fixed point. Since the maps are

affine-voltage maps,

𝑊𝐶(𝑖, 𝑗, 𝑠) = (𝑖 + Δ𝑥, 𝑗 + Δ𝑦, 𝑠 + Λ𝑖 + Θ𝑗 + 𝜔),
where Δ𝑥, Δ𝑦 are accumulated base shifts, Λ, Θ
are accumulated coefficients, and 𝜔 is the accu-

mulated constant voltage in the sheet coordinate

𝑠.
The lift has no 4- or 6-cycles, and hence has

girth at least 8, if Fix(𝑊𝐶) = ∅ for every

𝐶 ∈ Γ4(𝐻𝑋) ∪ Γ4(𝐻𝑍) ∪ Γ6(𝐻𝑋) ∪ Γ6(𝐻𝑍).
In the pure-voltage case, this reduces to 𝜔 ≢ 0
(mod 𝑞).

Worked Base Example

Start from the [[72, 12, 6]] BB code

𝑃 = 𝑥3 + 𝑦 + 𝑦2,
𝑄 = 𝑦3 + 𝑥 + 𝑥2.

For a 𝑞 = 2 lift with (ℓ, 𝑚) = (6, 6), choose
𝐴 = ℳ(3, 0; 0, 0; 0) + ℳ(0, 1; 1, 0; 0)

+ ℳ(0, 2; 0, 0; 0),
𝐵 = ℳ(0, 3; 0, 0; 0) + ℳ(1, 0; 0, 1; 0)

+ ℳ(2, 0; 0, 0; 0).
The terms 𝑦 and 𝑥 are lifted as ℳ(0, 1; 1, 0; 0)
and ℳ(1, 0; 0, 1; 0). These choices preserve

commutation over Z2 and remove short cycles.

Design Workflow

1 Fix the BB base polynomial pair (𝑃 , 𝑄).
2 Assign APM/voltage parameters (𝜆, 𝜇; 𝑒) to
each base monomial.

3 Enforce 𝐴𝐵 + 𝐵𝐴 = 0 after lifting.

4 Apply the return-map fixed-point test to

remove 4- and 6-cycles.

5 Verify quantum parameters [[𝑛, 𝑘, 𝑑]].

Selected Lifted Examples

(ℓ, 𝑚, 𝑞) Code 𝑁4 𝑁6 𝑁8
(6, 6, 2) [[144, 12, 6]] 0 0 2232

(12, 6, 2) [[288, 12, 12]] 0 0 2304

(12, 6, 1) [[144, 12, 12]] 0 144 1728

(6, 8, 2) [[192, 12, 8]] 0 0 1872

(6, 6, 2) [[144, 8, 12]] 0 96 1656
The first two rows use the same voltage pattern at different base sizes. The CPM

benchmark is the [[144, 12, 12]] code with all voltage entries zero. The

[[192, 12, 8]] code shows that girth 8 alone does not guarantee high distance.

The [[144, 8, 12]] code is a lower-rate voltage example with fewer 6-cycles than

the CPM benchmark.

Decoding-Level Comparison
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QBP, T = 1000-[[144,12,6]]
BP-OSD-10, T = 32-[[144,12,6]]
QBP, T = 1000-[[144,8,12]]
BP-OSD-10, T = 32-[[144,8,12]]
QBP, T = 1000-[[144,12,12]]
BP-OSD-10, T = 32 -[[144,12,12]]

The plot compares three length-144 codes

under QBP and BP-OSD-10. The [[144, 12, 6]]
code has girth 8 but has the weakest curve

because its distance is only 6. The
voltage-designed [[144, 8, 12]] code gives the

lowest BP-OSD-10 error rate over the plotted

range. The CPM [[144, 12, 12]] code remains

strong because it preserves both 𝑘 = 12 and

𝑑 = 12.

Main Design Lesson

APMs or voltage lifts alone are not the

novelty.

The key point is BB-compatible lifting:

replace 𝑥𝑎𝑦𝑏 by ℳ(𝑎, 𝑏; 𝜆, 𝜇; 𝑒) while
keeping 𝐻𝑋 = [𝐴 𝐵] and 𝐻𝑍 = [𝐵𝑇 𝐴𝑇].
Short-cycle removal must be evaluated

jointly with CSS validity, distance, rate, and

decoder performance.

Conclusion

A base-preserving APM/voltage lift extends BB

codes by keeping the polynomial support fixed

while adding affine voltage parameters that con-

trol how base edges move among the 𝑞 sheets.
The construction can remove 4- and 6-cycles

while preserving CSS orthogonality. The re-

sults show that girth 8 alone is insufficient: the

[[144, 12, 6]] code has no 4- or 6-cycles but weak
performance because 𝑑 = 6, while the voltage-

designed [[144, 8, 12]] code improves BP-OSD

behavior at the same block length.
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