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1 Introduction

Global optimization is utilized in a variety of research fields, including recent applications in route
planning for unmanned air vehicles [Oztiirk and Koksalan, 2023], energy storage system selection,
design, and operation [Zantye et al., 2023], heat exchanger network synthesis [Zhou et al., 2024], re-
source recovery from wastewater [Durkin et al., 2024], pathway optimization using kinetic metabolic
models for mammalian cells [Lu et al., 2023], profit maximization of scheduling hydrogen produc-
tion with solar power and grid energy supply [Yang et al., 2022], and minimizing nitrogen oxide
emissions produced by incinerating explosive waste materials [Kim et al., 2022], to name but a few.
The interested reader can find a plethora of additional historical applications of global optimization
in eleven different research areas nicely organized in Table 2 of Boukouvala et al. [2016]. Indeed,
the ubiquitous utilization of global optimization in the literature manifests its substantial impact
as a tool for scientific discovery and also highlights the importance of any advancements in this
area.

The key feature of global optimization algorithms is their guarantee for identification of a
global-rather than local-optimal solution. In contrast to optimization problems that are convex
(i.e, the objective function and the feasible set are convex), for which a local minimum is also
global [Bertsekas et al., 2003], non-convex problems exhibit additional complexity in the sense that
non-convex objective surfaces and constraints and /or disjoint feasible regions lead to the existence of
multiple extrema. For such problems, many global optimization algorithms, such as spatial branch-
and-bound, compute rigorous lower and upper bounds on the objective value and successively refine
those on partitioned space until the bounds converge (within some ¢ tolerance) to a global optimal
solution. Without question, the quality of the bounds impacts the convergence of these algorithms.

For minimization problems, the objective function evaluated at any feasible solution provides
an upper bound, while the globally optimal objective value of a relaxation of the problem provides
a lower bound. Convex relaxations find extensive applications in these algorithms for determining
lower bounds because their local (and hence global) minimum are efficient to compute; also, the

quality of the convex relaxation used (i.e., how closely the convex relaxation approximates the



original problem) directly impacts the quality of the computed bound. To this end, an enormous
amount of research has focused on developing tight convex relaxations for various specific problem
structures, which has entailed significant work on deriving convex envelopes for many types of func-
tions. Additionally, after the required expense to construct the relaxations, algorithms available to
solve the convex relaxation, such as linear programming (LP) or non-linear programming (NLP)
solvers, contribute to the effort required to determine the bound, and thereby contribute greatly to
the overall efficiency of the algorithm. Noting the improvement in the robustness and efficiency of
algorithms that solve convex quadratically constrained quadratic programs (QCQPs) [Mittelmann,
2023], we focus in this work on creating tight convex quadratic relaxations of non-convex opti-
mization problems. In particular, we extend our previous methodology for constructing quadratic
outer approximations of twice-differentiable convex functions [Strahl et al., 2024] to the case of
non-convex difference-of-convex (d.c.) functions, which is a very general class of functions arising
ubiquitously in global optimization applications.

In the literature, quadratics are frequently utilized to create convex relaxations of non-convex
functions, but in most cases they do not result in an actual quadratic relazation. The BB method-
ology, for example, uses quadratics to create convex relaxations for general non-convex functions
by adding a sufficiently large convex quadratic term to overcome the non-convexities of the func-
tion over the entire domain [Maranas and Floudas, 1995, Androulakis et al., 1995, Adjiman et al.,
1998b,b]. The approach has been generalized in Akrotirianakis et al. [2004], Skjal et al. [2012] to
include modifications to the diagonal and nondiagonal terms of the quadratic, extended in Meyer
and Floudas [2005] to use subintervals of the domain to create a spline from piecewise quadratic
functions, and utilized in Gounaris and Floudas [2008a,b] to create tight piecewise linear convex
relaxations for non-convex functions. While the BB methodology utilizes quadratics in the con-
struction of underestimators, it only creates a quadratic underestimator if the function that is
underestimated is itself quadratic. Excluding this special case, none of the BB variants discussed
above produce convex quadratic relaxations.

Other studies in the literature have proposed quadratic underestimators for convex functions,
but these works restrict construction of their underestimators to specific classes of functions or
problems. Su et al. [2018] proposed scaling the second-order term of a Taylor series approximation

at a point of construction and provided a procedure for determining the tightest scaling parameter



for underestimating a restrictive class of functions, which has been the foundational study for our
own work. Buchheim and Trieu [2013] use quadratic underestimators in integer programming,
introducing quadratic cuts that are generated for a specific class of functions where a matrix, @,
is known a priori to satisfy V2f(z) = Q for all x € R". Olama et al. [2023] includes quadratic
cuts in a mixed integer nonlinear programming algorithm derived specifically for strongly convex
functions where the strong convexity parameter is easily determined. Last, there exist studies in
the literature that construct quadratic underestimators for general non-convex functions, but these
procedures either lack guarantees of convexity for the quadratic underestimators, or they only apply
in restricted contexts. In particular, Streeter and Dillon [2022, 2023] introduce quadratic over- and
underestimators for general functions based on so-called Taylor polynomial enclosures, which are
efficiently constructed even for functions of high dimension, but are not guaranteed to be convex.
In their work, Ouanes et al. [2015] present a procedure to create a convex quadratic underestimator
by subtracting a quadratic perturbation from a linear interpolant of a general non-convex function,
but their method only applies in the restricted context of minimizing a single multivariate function
subject to box constraints.

As discussed, in this paper we will focus on underestimating d.c. functions. The importance
of such functions in optimization is evidenced by their extensive appearance in the literature,
which is due to their general applicability, succinctly captured by Tuy’s statement that “every
continuous global optimization problem on a compact set can be reformulated as a d.c. optimization
problem” in Horst and Pardalos [2013] (pp. 149-150). In fact, early pioneers established that any
twice-differentiable continuous function defined over a convex set in R"™ is representable as a d.c.
function [Hartman, 1959], and a later study showed that any piecewise linear continuous function
can be expressed as a d.c. function too [Melzer, 1986]. Difference-of-convex functions naturally
arise in a diverse number of specific applications, including but not limited to problems in signal
processing, communications, and networking [Gasso et al., 2009, Alvarado et al., 2014, Nguyen and
Le Thi, 2023], transportation [Holmberg and Tuy, 1999], facility location [Chen et al., 1998], image
processing [Lou et al., 2015], clustering [Bagirov et al., 2016, Bagirov and Ugon, 2018], and machine
learning [Le Thi and Nguyen, 2017, Awasthi et al., 2024, Askarizadeh et al., 2023].

Relaxations for d.c. functions exist in the literature, but they are not convex quadratic, except in

limited cases. Additionally, to the best of our knowledge, there are no available techniques tailored



specifically for non-convex d.c. functions, but existing approaches apply to general non-convex
functions, such as BB [Adjiman et al., 1998b,a], McCormick relaxations [McCormick, 1976, Mitsos
et al., 2009, Tsoukalas and Mitsos, 2014], the reformulation-linearization technique (RLT) [Sherali
and Adams, 2013], and the auxiliary variable method (AVM) [Ryoo and Sahinidis, 1995, 1996], to
name but a few. Recently, the reformulation-perspectification technique published in Bertsimas
et al. [2023] also creates convex relaxations for d.c. functions. Each of these techniques comes with
the advantages of being very broadly applicable but also suffers from specific shortcomings. For
example, the BB method, which requires the computation of an approximate bound on the largest
eigenvalue over the domain of interest, often produces very loose relaxations due to poor eigenvalue
bounding. On the other hand, McCormick relaxations or those stemming from RLT and AVM
require additional variables to be introduced and the problem is often elevated to a much higher
dimensional space. While their relaxations can be formed and solved in the higher dimensional
space, they sometimes lack tightness that could otherwise be achieved by a relaxation defined in
the original space.

In summary, we propose in this manuscript a methodology to construct convex quadratic un-

derestimators for twice-differentiable d.c. functions. Our contributions to the literature include:

e An extension of the cutting-plane algorithm in Strahl et al. [2024] that yields convex quadratic

relaxations for d.c. functions.

e A hierarchy of quadratic forms established to generate relaxations of increasing tightness (at

a computational cost).

e A computational experiment demonstrating, both qualitatively and quantitatively, the con-
structed underestimators on a set of functions extracted from optimization benchmark li-

braries.

e A comparison of relaxations for d.c. optimization problems at the root node of a spatial
branch-and-bound tree, constructed using our methodology versus the state-of-the-art, which

showcases the quality of our relaxations.

The remainder of the paper is organized as follows. In Section 2, we present our proposed
methodology, including (i) the extension of the algorithm in Strahl et al. [2024] to construct con-

vex quadratic underestimators for non-convex d.c. functions, and (ii) the hierarchy established



by generalizing the quadratic form and introducing a shift term, as necessary. In Section 3, we
present our computational experiments, including (i) qualitative evidence and quantitative results
for underestimators generated by our methodology, and (ii) a comparison of convex quadratic re-
laxations for systematically created d.c. optimization problems against relaxations created by the
BARON solver [Sahinidis, 1996]. Finally, in Section 4, we offer some conclusions and state possible

directions for future work.

2 Methodology

Henceforth, we follow a notation convention where we denote vectors in boldface and matrices in
capital letters. Given a d.c. function f : R™ — R, defined over a box domain B := {x € R" :
xZL <z < mZUVi =1,...,n}, we define a quadratic underestimator of f as q(x;a,xp) : R" — R,
where xg € B is a chosen point of construction and « is a scaling parameter required to realize

underestimation over the full domain x € B.

2.1 Synopsis of Prior Work

In the first part of this two-paper series [Strahl et al., 2024], we constructed a cutting-plane al-
gorithm that determined the tightest value of the scaling parameter « (a scalar) of the quadratic
underestimator (1), introduced in [Su et al., 2018], for general twice-differentiable convex functions.
The cutting-plane algorithm, as presented in Strahl et al. [2024], solves the partial epigraph refor-
mulation of (2), where the objective value provides a bound on the magnitude that the quadratic

overestimates the function at any point in the domain, given a value for a.

q(x; o, o) := f(xo) + V f(zo)(x — 20) + %(5’3 —x0) aV? f(@o)(x — w0) (1)
min f (@) — g(@; @, zo) (2)

Additionally, we proposed a natural extension of the cutting-plane algorithm for underestimat-
ing nonlinear functions in the context of optimization problems that feature linear constraints,
which we exploited to tighten the generated underestimators by allowing the latter to overestimate
in infeasible regions. In this work, we introduce modifications at two specific parts of the method-

ology: (i) in the treatment of formulation (2), and (ii) in Step 5 of the cutting-plane algorithm,



where the quadratic underestimator is checked for possible overestimation at enumerated vertices

and corrective action is taken, if necessary.

2.2 Extension to Non-convex D.C. Functions

We extend the cutting-plane algorithm, originally devised for twice-differentiable convex functions,
to accommodate non-convex d.c. functions. In particular, we observe that (2) is a d.c. optimization
problem for convex f, and by now redefining f as a d.c. function, i.e., f(x) := h(x) — g(x), where
h and g are both convex, (2) becomes (3), where g(x) + ¢(x; a, xg) is convex.

1;161%1 h(z) — [g(x) + q(z; o, o) (3)

Consequently, we can employ a partial epigraph reformulation to produce (4), for which the
objective t — (g(cc) + q(x; 330)) is a concave function defined over a convex feasible set, and the

same cutting-plane algorithm in Strahl et al. [2024] executes using only a modified objective.

i - [9() + q(z; a, )] n

st.  h(x)—t<0

We make the following remarks: (i) the globally optimal objective value of (4) for a valid
underestimator is 0, and is attained at @ = x(, assuming that an underestimating quadratic of
form (1) exists at xp; and (ii) the set of vertices maintained by the cutting-plane algorithm is an
outer approximation of only h(x), and thus h(x) should be the only function utilized to initialize and
enumerate vertices. We note that the reformulation preserves the monotonically increasing property
of lower bounds generated by the cutting-plane algorithm, and thus the convergence proof in Strahl
et al. [2024], which relies on the proof from Hoffman [1981], holds for (4) without any alterations.
Furthermore, we highlight that we can directly utilize this reformulation in conjunction with the
extension presented in Strahl et al. [2024] to exploit the possible presence of linear constraints in
an optimization problem so as to construct even tighter relaxations.

Finally, note that the validity of the bound on overestimation computed by (4) is predicated
on the premise that g(x) + ¢(x; a, xg) is convex, and if the selection of xo nullifies this premise,
then the bound yielded by (4) is no longer valid. In the next section, we discuss properties that xg

ought to possess to ensure the construction of a valid underestimator.



2.3 Point of Construction Selection

In the case of twice-differentiable convex functions, V2 f(x) 3= 0 holds for all € dom(f). However,
in the extension introduced in Section 2.2, we now consider underestimating non-convex functions,
where in many cases there exist & € dom(f) such that V2f(x) % 0. The quadratic (1) directly
scales V2 f(xg) as well as, consequently, the eigenvalues of V2 f(xg). Thus, that formula will not
produce a convex quadratic underestimator for a non-convex function, unless V2f(zg) = 0 as a
necessary (yet not sufficient) condition.

We highlight that the condition V2f(xg) %= 0 is not sufficient in the non-convex case, as a
first-order Taylor series approximation constructed at a point xo (even where V2 f(zxg) > 0) is not
guaranteed to underestimate a non-convex function over the entire domain. Figure 1 illustrates
this concept with a non-convex d.c. function and three first-order Taylor series approximations,
created at three candidate points of construction that each demonstrates different possibilities: (i)
a point where V2f(xg) # 0, for which the tangent line does not even underestimate locally, (ii) a
point where V2f(xg) = 0, for which the tangent line underestimates locally but not throughout
the whole domain, and (iii) a point where V2f(zx) = 0 for which the tangent line constitutes a
valid underestimator. Obviously, it is only in the last case that one can construct a valid quadratic
underestimator of the form of (1).

Finally, we remark that, while V2f(xo) = 0 does not suffice by itself, it can become sufficient
as long as additional conditions apply. In particular, a sufficient condition for admitting the con-
struction of a valid quadratic underestimator is that f(xg) + V f(xo)(x — xo) < f(x) YV # x¢ and
V2f(xo) = 0 with one of its eigenvalues being positive; however, the first part of this condition
cannot be asserted without first executing the cutting-plane algorithm itself. This implies that, in
practice, we ought to initially assert the positive semi-definiteness locally at xg, but also be pre-
pared to abort the cutting-plance algorithm whenever a certificate of non-underestimation by even
the tangent line is obtained. Later in this paper (see Section 2.4.4), we introduce a modification
involving the notion of a “downward shift” that enables V2f(xg) = 0 to become a necessary and
sufficient condition, ensuring that the cutting-plane algorithm can yield a valid underestimator for

any such xg.



V2f(zo) # 0
point INVALID

V2f (o) = 0
point VALID

V2f(20) = 0
point INVALID

0.0 0.2 0.4 0.6 0.8 1.0

Figure 1. The univariate non-convex d.c. function f(x) := 323 — 2.52* over the domain x € [0, 1]
with first-order Taylor series approximations constructed at (i) = 0.15, (ii) z = 0.35, and (iii)
x = 0.85, illustrating respectively three different cases: (i) underestimation over the entire domain,
(ii) overestimation in part of the domain despite local convexity at the point of construction, and

(iii) overestimation where the point of construction is not locally convex.

2.4 Generalization to a Hierarchy of Quadratic Underestimators

Considering the fact that the scalar a uniformly scales the elements of V2f(xg) in (1), we gen-
eralize the quadratic form and present a hierarchy of quadratic underestimators that allows for
the construction of tighter underestimators. Before presenting the methodology for each under-
estimator, we restate key ideas and relevant algorithmic steps for understanding and implement-
ing our hierarchy. In the remainder of the manuscript, we use x* to indicate a point at which
flx*) — q(x*; ak), o) < —&, where ¢ is a user-specified tolerance and superscript “(k)” denotes
the value of the scaling variable at iteration k of the cutting-plane algorithm.

Corrective action is taken in Step 5 of the cutting-plane algorithm to suitably recompute the pa-
rameter of the quadratic. Here, we restate Step 5 as well as Observation 1 from Strahl et al. [2024],
which elucidates a key property for our quadratic underestimators, i.e., that the quadratic mono-
tonically decreases with respect to a decrease in «, which can be exploited to improve algorithmic
efficiency.

Step 5. Fvaluate Underestimation:



) : f (@)= (f(@0)+V (o) (v —w0)) P B
“ %uﬁﬁgw{ T 20 V2 (o) (@ m) 1 (@) T (@, @o) < =€,

where H™T is the set of new vertices enumerated with the introduction of a cutting plane.

Observation 1 (for proof, see Strahl et al. [2024]). The quadratic underestimator in (1) monoton-

ically decreases as o decreases; that is, q(x; a1, xy) < q(x; a2, xp) for all ap < ao.

The goal of the following presentation is to generalize the quadratic underestimator form to
allow the construction of tighter underestimators, while preserving the efficiency of the algorithm
by enforcing the quadratic to monotonically nonincrease each time the parameters are updated.
We note that changes at «* are the same, regardless of whether the function is convex or d.c.,
and will therefore hereafter reference the function to be underestimated as f(x), which in the d.c.
case can be substituted directly with h(x) — g(x). We begin our presentation with the original
method developed in Strahl et al. [2024], which for purposes of the hierarchy, we shall refer to as

the “scalar” method.

2.4.1 Scalar Method

In the scalar method (also labeled method “S”), we decrement the scalar « of the quadratic form
(1) using the update rule S. Here, we note the monotonic relationship of the quadratic with «,
as per Observation 1, which implies that (x* — x0)" V2 f(xo)(x* — x0) # 0 for all * such that
f(x*) — glz*;a®) zg) < —e.

o) f(x*) — (f(mo) + V(o) (x* — x0))

3(x* — @) TV f (o) (2 — o)

(S)

2.4.2 Diagonal Method

We generalize the quadratic form in method “S” by introducing a diagonal matrix of scaling pa-
rameters, A € R™ " into the eigenvalue decomposition of V?f(xo), QAQ™!, as shown in (5),
which permits the scaling parameters, i.e., the diagonal elements of A, to modify each eigenvalue of
V2 f(x) differently, while the off-diagonal elements are fixed to 0. Hence, we refer to this method
as the “diagonal” method, or method “D”.

q(z; A, x0) = f(20) + Vf(x0) (2 — 0) + %(w —x0)  QAAQ (@ — o) (5)
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The new quadratic form (5) requires a different procedure for determining the scaling param-
eters, such that each new selection: (i) ensures the quadratic underestimates the function at x*;
(ii) monotonically decreases the quadratic over the entire domain with each consecutive update to
the parameters; and (iii) produces the tightest possible quadratic underestimator over the entire
domain, when the algorithm converges. Observing that the (diagonal) elements of A participate
linearly in the quadratic form, we can compute them via the linear program (D), where we explicitly

enforce (i) and (ii) in the constraints.

max > (A5, )

veS
st q(A;z* o) < f(x¥)
Ay < AP Vi (D)
Aii >0 Vi
Aij =0 Vi, j:{j #i},

where Al(lk ) refers to the incumbent values for the diagonal elements of the scaling matrix (to be
updated with the optimal solution of this LP). In the first iteration, & = 0, we initialize with
AZ(-?) =1forallrowsi=1,2,...,n.

To accomplish (iii), the above LP aims to explicitly optimize for “tightness” or quality of
the produced underestimator. For this, we utilize the metric (6), defined in Strahl et al. [2024],
that quantifies the tightness of the quadratic underestimator, g(x), as the fractional reduction in
hypervolume from a function to it, when compared to a linear underestimator, ¢(x), generated at

the same point of construction.

x) —l(x))dx
Mg(w) _ fmedom(f) (q( ) — g( )) (6)

(@) fmedom(f) (f(w) (a:))dw

As we consider utilizing this metric as the objective in the LPs for our methods, we make the

following observation, where S is a set of points € dom(f).

Observation 2. In the case that |S| — oo, the constraint q(A;v,x¢) < f(v) for all v € S, in
conjunction with the objective max Y wes A(A;v,x0), produces the tightest scaling parameters by

construction, thereby achieving objective (iii).

Since sampling an infinite amount of points at which to evaluate underestimating distances is

not practical, we discretize the space by choosing |S| = 100n points, where n is the dimension of
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the problem and the points are selected via a Latin hypercube approach. To embed the metric
directly in the LP, we remove constant terms from (6) to produce the objective function in (D),
which maximizes the value of the quadratic at each sampled point. However, the constraints in
(D) only enforce underestimation at a single point, namely a*. This fact, considered together with
the monotonicity requirement imposed on the parameters, results in the algorithm making greedy
initial commitments to parameter values which, although optimal in light of x*, may ultimately
yield sub-optimal parameter values at termination.

To address this behavior, we recommend augmenting the formulation of the first LP we ever
solve with the constraints q(A;v,z) < f(v) for all v € S, resulting in formulation (D)), which
provides an update to the parameters using a holistic treatment of the space. These additional
constraints are only required for the first LP executed in the cutting-plane algorithm; subsequent
LPs can be relaxed to contain only the single constraint q(A; x*, xg) < f(x*) (formulation D), since
monotonicity guarantees underestimation for these points through the remaining execution of the

algorithm.

max »_ q(A;v,xo)
A veS

sit. q(Ayx*,xp) < f(x¥)
q(A;v,20) < f(v) YvesS

. (DW)
Ay < AV Vi
A;; >0 V1
Aij =0 Vi, j:{j #i}

We highlight that an interesting tradeoff arises between the number of points in set S and the
number of LPs that have to be solved throughout the algorithm. Despite yielding a larger LP
(DM), which however need only be solved once at the first iteration, larger |S| typically leads
to detecting fewer points of overestimation, creating tighter underestimators while requiring fewer
LPs (D) to be solved in the long run. For problems addressed in the computational study of
this manuscript, we selected |S| to be 100n inasmuch as increasing the sample size beyond 100n
yielded very small gains (<1.5% after a 10-fold increase) in the quality of the underestimators with
additional computational expense.

We remark the following regarding the diagonal scaling method: (i) (D) has |S| + 2n + 1

constraints in the first iteration, after which (D) has 2n + 1 constraints; thus, these LPs are small

12



in size; (ii) we know that the value of 1 is a valid upper bound on each element of the diagonal of A,
Aj;, because the quadratic would overestimate locally at the point of construction if any A;; > 1;
and (iii) “S” can be viewed as a restriction of method “D”, where additional constraints are added
in (D) to achieve equivalency for all A;; indeed, the final parameter « determined by method
“S” used for all the diagonal elements of A will be feasible to (D), but due to the inexactness
introduced from sampling the space (finite set S), formulation (D) can possibly produce an inferior
underestimator, the mitigation of which is encouraged by (D).

In the remainder of the manuscript, we present a number of additional methods associated with
their own formulations. While we do so in the context of a general iteration k, we recommend

augmenting them in a manner similar to D to avoid suboptimal parameter values.

2.4.3 Matrix Method

We further generalize the diagonal scaling method to allow modifications to the off-diagonal ele-
ments of A as well, where the quadratic underestimator form is the same as (5), but we remove
the restriction that the off-diagonal elements of A must be 0. We shall refer to this method as the
“matrix” method, or method “M”.

While the quadratic form does not change from the diagonal scaling method, the introduction of
off-diagonal variables in A necessitates a more involved LP to preserve the required properties of the
quadratic. First and foremost, we are interested in producing conver quadratic underestimators,
for which we had trivial guarantees in previous methods, as we directly scaled eigenvalues with
V f(xo) = 0. However, modifying the off-diagonal elements gives rise to the possibility of creating
non-convex quadratics even with non-negative diagonal elements. To that end, we explicitly enforce
convexity during each parameter update by requiring A to be diagonally dominant, which is a
sufficient condition for the positive semi-definiteness of A. To invoke this property, we first require
symmetry on AA and non-negativity of all diagonal elements A;;, which ensures that [AA],, > 0
due to A;; > 0 at the selected point of construction. Then, we impose the diagonal dominance
property by requiring that [AA]; > >, [[AA];; | for all rows i = 1,2,...,n.

Lastly, to preserve the algorithmic efficiency of the cutting-plane algorithm achieved by exploit-
ing the monotonicity property of the quadratic (Observation 1), we utilize the fact that AR = AN

implies that A® Az > xAAz for all & € R”, where A®) are the incumbent values of the param-
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eters at the time the LP is executed. This realizes the desired monotonicity property, since the
orthogonality of @) in the eigenvalue decomposition preserves the eigenvalues of AA. For the con-
straint requiring A®A = AA, we similarly impose the diagonal dominance property on matrices
(A®) — A)A. Based on the above, the computation of A can be achieved via formulation (M),
which can be trivially reformulated to the LP in (M’) after the introduction of auxiliary variables

S € R"*"™ and T € R**",

max S q(A;, @)

veES
sit. q(Ayx* xp) < f(x¥)

Ay < AP Vi

Aijhjj = Ajihy; Vi, j:{j#i} (M)
A; >0 V1

AiiNii > Y7 | Aii Al Vi

J#
(A — )i > X (Agf) — Aij)Aj5| Vi,

J#

max >, q(A;v, o)

AST 5%
sit. q(A;x*, @) < f(a¥)
Aii < Agf) Vi
Aiihj; = Ajikg; Vi, j:{j # i}
A >0 Vi (M)
Aiilii > 3 Sij A
J#
—Si; < AijAj; < +Sy; Vi, j:{j#i}
(Agf) —Ai)Nii > 3 Tij Vi

J#i
~Tyy < (AW — Ay)Aj; <+Ty Vij:{j # i},
where Agf) refers to the incumbent values for the elements of the scaling matrix (to be updated
with the optimal solution of this LP). Initially, we define A(®) to be the identity matrix.
We highlight that the LP (M’) has n? + 2n(n — 1) variables and 4n 4 5n(n — 1) + 1 constraints.
Despite being a more involved LP than the one encountered in the diagonal method, it is still

expected to be very tractable in practice.
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2.4.4 Shift

In Section 2.3, we established a necessary—but not sufficient—condition for the selection of a point
of construction to yield a valid underestimator generated by our cutting-plane algorithm. Here,
we introduce a term into the quadratic forms (1) and (5) to allow for their vertical (downward)
shift. We show how to properly update (S), (D) (or D) and (M’) to accommodate the augmented
form, and how the introduction of the shift causes the necessary condition V2f(zg) = 0 to also
become sufficient for our methodology to produce valid underestimators. For all methods, we
denote the scalar variable for the shift as v € [0, 00), which is initialized to 7(%) = 0, and which is
to be negated from the applicable quadratic form (1) or (5) in each case. To differentiate from the
previous methods without shift, we augment the label of our methods that include the shift with
the letter “S” (e.g., “DS” refers to the diagonal method with shift).

For the scalar method, we utilize a shift only if method “S” computes o < 0, whereupon we reset
a < 0 and update v throughout each iteration using (SS). While computationally inexpensive, this
approach (dubbed method “SS”) will effectively produce a linear underestimator when the shift is

indeed required (i.e., a vertical shift of the first-order Taylor series approximation).
) g(a*,0,@0) — f(z") (SS)

Before we present the incorporation of shift in the methods utilizing a scaling matrix A in
lieu of a scalar «, we consider a hybrid method that requires identical elements in a diagonal
matrix. Consistent with the rest of the hierarchy, we will refer to this as method as “UDS” (i.e.,
“uniform diagonal with shift”). In this method, both scalar parameters a (the common element
in the diagonal) and « can be optimized simultaneously via the LP (UDS). We also highlight the
inclusion of the constraint v > v*), which imposes the monotonicity property of the quadratic
from iteration to iteration. Importantly, this enforcement of monotonicity preserves the requisite
properties for the cutting-plane algorithm’s convergence proof [Strahl et al., 2024] after the addition
of the shift. We also remark that method “UDS” is a generalization of both methods “SS” and “S”

inasmuch as any results determined by the latter two are also feasible to “UDS”, noting however
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that the relative tightness of these underestimators might be affected by the selection of the set S.

max ». [q(A;v,azg) —’y]

Ay pes
sit. q(Asx* @) — v < f(x*)
Ai < Agf) vi (UDS)
A; >0 Vi
A = Ajj Vij:i{j#1}
v >4%),

where ’y(k) is the incumbent value for the shift variable (to be updated with the optimal solution
of this LP).

In summary, in the hierarchy of using a mere scalar in the quadratic form, we have: (i) method
“S”  which may fail to produce a valid underestimator for certain points of construction in the case
of non-convex d.c. functions; (ii) method “SS”, which is efficient to compute but will only produce
a linear underestimator, and should hence be reserved only for the points of construction where “S”
fails; and (iii) method “UDS”, which requires solving LPs but will produce a valid underestimator
for all points of construction where V2f(xg) = 0 (at worst a linear underestimator, but likely a
quadratic one). Figure 2 demonstrates an example where utilizing method “UDS” constructs a
successful quadratic underestimator when method “S” would otherwise fail due to poor choice of
the point of construction. Finally, we highlight that, in certain instances, a combination of v > 0
and « > 1 in method “UDS” could achieve even tighter underestimators, as measured by relative
hypervolumes; however, for our computational studies, we keep the upper bound of parameter «
at 1 and initialize a(®) « 1.

We now turn our attention to the incorporation of shift in the methods utilizing scaling matrices,
introducing methods “DS” and “MS”. For this, the linear programs defined by (D) and (M’) are
updated analogously to (UDS), where we incorporate the variable v and impose the constraint to
preserve monotonicity. This results in linear programs (DS) and (MS), respectively for the two

methods.
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Figure 2. Introducing the shift parameter allows the construction of a valid quadratic underesti-

mator (right, in green) for the d.c. function f(z) = (2722 + 2°® + 250) — 152* at 9 = —0.125 even

when, at the same point of construction, a linear underestimator is not valid (left, in blue).

max » [q(A;'u,sco) —7]

Ay
s.t.

vES

q(A;z™, o) — v < f(x")

Ay < AP Vi
A; >0 Vi
v > ,y(k)
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max A;v, ) —
FEa ) a ) =]

st. q(Asx*,x) — v < f(x¥)

Aii < Aﬁf) Vi
Aijhjj = Ajilkii Vi, j:{j # i}
A; >0 Vi
ANy > > Si; Vi (MS)
iFi
—Sij < AN <4855 Vi j:{j #i}
(A — Ai)Aii > Y T Vi
i
T < (Agf) — Aij)Aj; < 4Ty Vi j:{j #i}
v =A%)

Restating the motivation for considering the shift parameter, we highlight that its introduction
allows the various methods to yield at worst a linear underestimator, for any o where V2 f(xq) = 0,
whereas the methods without the shift may fail. Here, we offer one theoretical condition and
one empirical explanation for the case where the methods incorporating shift (i.e., SS, UDS, DS,
MS) will yield a linear underestimator. Consider a function and a point of construction where
V2f(xy) = 0; in this case, all these methods (which scale V2 f(x()) generate a zero second-order
term, thereby producing a linear underestimator. Empirically, it is also the case that, depending on
the specific instance under consideration, the algorithm may drive a handful of diagonal elements
A;; (alongside their respective rows A;;) to zero to maximize the metric at beginning iterations, and
these parameters will remain at the value of zero over future iterations because of the monotonicity
requirement. Hence, any points of overestimation that the algorithm may identify subsequently
will put further pressure towards decreasing any remaining non-zero elements (to possibly also
equal zero) so as to validly underestimate. In such cases, a linear underestimator could again be
constructed despite there possbily existing a valid quadratic underestimator. We re-emphasize that
the constraints over the point sample S introduced in the LP for the first iteration is intended to
remediate this suboptimal result.

Overall, we have presented a hierarchy of methods that can produce quadratic underestimators
of non-convex d.c. functions at user-specified points of construction. This hierarchy is presented in

a diagram in Figure 3, where tighter—-but more computationally expensive—underestimators lie at
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the bottom and to the right. We remind readers that all the methods not in blue require solving
an LP to update their parameters. Selecting a particular method to use in practice depends on
the particular problem to be solved. First, disregarding the shift, the more complex methods can
achieve the greatest gains compared to simpler methods in higher dimensions, where there is great
variability amongst the eigenvalues of the function at each point. Otherwise, if the eigenvalues
are all approximately equivalent, a uniform scaling can achieve a close result. Second, the shift
parameter adds a very slight increase in the computation time and is generally recommended for
the diagonal and matrix methods, which already require solving an LP. However, constructing
quadratic underestimators using the (UDS) method-rather than linear underestimators using the
SS method—and including the shift elevates the complexity from an analytic evaluation to an LP,
and would thus have to be judged empirically based on the resulting tightness-tractability tradeoff
in the context of functions of interest.

Finally, we emphasize the fact that all quadratic forms and update procedures are immediately
amenable to, without further modification, the methodological extension presented in Strahl et al.
[2024], where information of external linear constraints in optimization problems can be exploited

to produce tighter underestimators by allowing them to overestimate in infeasible regions.

[ S - Scalar ]—‘ SS — Scalar with shift

UDS - Uniform di-

agonal with shift

D - Diagonal DS — Diagonal with shift

M — Matrix MS - Matrix with shift

Figure 3. The hierarchy of our methods producing quadratic underestimators, based on scalar
(blue), diagonal (red), and matrix (green) scalings, with the addition of the shift in those methods

appearing on the right column. The arrows indicate the generation of tighter underestimators.
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3 Computational Study

We demonstrate the performance of our hierarchy of quadratic underestimators generated by our
cutting-plane algorithm for non-convex d.c. functions in two distinct computational experiments.
In the first experiment in Section 3.1, we extract d.c. functions from optimization problems found
in benchmark libraries, construct underestimators for them, and showcase their efficiency and
tightness. In the second experiment in Section 3.2, we compare the root node relaxation of the
state-of-the-art global optimization solver BARON with a convex quadratic relaxation constructed

via our methodology on optimization problems with d.c objectives and constraints.

3.1 Hierarchy Comparison Study

For our study on the tightness and computational efficiency of our hierarchy of underestimators, we
first looked into collecting d.c. functions from the COCONUT library [Shcherbina et al., 2003]. The
location of the problems in this library and the explicit expressions adopted for our computational
study are included in Table A1 in the Appendix. We note that we employed the relationships x1xo =
% (21 + 22)* — % (23 + 23) and z}23 = % (23 + ZL‘%)Q — % (2} + #3) to create d.c. representations for
many of the functions found in the libraries. Where necessary, we assigned bounds to otherwise
unbounded variables as noted in Table Al. Remarkably, the COCONUT library does not contain
many d.c. functions, and through the above process, we were only able to extract 3 one-dimensional
and 7 two-dimensional d.c. functions. To add to those, as well as to extend the database with
functions of three and four dimensions, we followed a complementary approach. More specifically,
we begin with a core set of six univariate non-convex d.c. functions (see Table A2 in the Appendix),
which we devised by subtracting chosen convex functions, and which we add up to construct higher

1

dimensional d.c. functions while also adding a “linking” term, £;(x) := %(

?:1 z;)%, where p
is the number variables included in a particular multi-dimensional d.c. function. The linking
term induces inseparable variable dependencies on the function output, which prevents trivially
separating terms that could otherwise have been underestimated separately. The overall process
takes special care to ensure the functions are non-convex and multi-modal over the prescribed
domain. The exact functions derived via this approach and augmenting the initial dataset are

displayed in Table A3 in the Appendix. Among the two approaches, we compiled a set of 9 d.c.

functions per each dimension, one through four. For all of the functions in our study, we scale their
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range to lie within the interval [—1, 1] by using the scaling factor 1/ max{| gleilrglf(mﬂ, ]I;lgé( f(@)|}.

For each function, we generated sample points from the domain using Latin hypercube sampling
and assessed the local convexity of the function at these points via eigenvalue decomposition of the
Hessian. We continued this process until we accumulated 10 points of construction where the
function is locally convex, discarding along the way any points for which this was not true. The
underlying motivation for utilizing Latin hypercube sampling here is that it provides a practical
technique to source points from diverse regions of the domain where the condition V2f(x) = 0
might happen to be true. Finally, we clarify that we used the value ¢ = 0.001 for the convergence
tolerance of the cutting-plane algorithm. Our computational experiments were executed on a
machine equipped with a 1.80GHz Intel(R) Core(TM) i7-8565U CPU running on a Ubuntu 22.04
virtual machine with 8GB RAM and 4 logical processors, where we have implemented the algorithms
in Python. To solve LPs, we used the open source HIGHS [Huangfu and Hall, 2018] linear program
solver, which is included in the Python SciPy package [Virtanen et al., 2020], and which was found

to be adequate to address the small sized LPs encountered in this study.

3.1.1 Results

Qualitatively, Figure 4 depicts the underestimators created by the methods “S”, “D” and “M”
for a function from the dipigri optimization problem, highlighting the possible improvement in
underestimator tightness by using ever more sophisticated techniques. Additionally, Figures 5
and 6 visualize some examples of our quadratic underestimators constructed for non-convex d.c.
functions, as generated by the “S” method.

Performing a quantitative comparison among the methods in the hierarchy requires categorizing
the functions along with points of construction into two groups: (i) those for which methods that
do not utilize shift can construct a successful quadratic underestimator, where the entire hierarchy
can be compared; and (ii) those for which construction procedures require the shift for success (i.e.,
first-order Taylor series approximations do not underestimate across the full domain of interest),
and hence, where only the methods “SS”, “UDS”, “DS” and “MS” can be compared. Accordingly,
Tables 1 and 2 display the average tightness metric for 1000n sample points, computed via (6), and
the CPU time (in milliseconds) required to compute the underestimators for groups (i) and (ii),

respectively.
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fla1,22)

Figure 4. Qualitative evidence highlighting the improvement in the quality of underestimators by
using more general methods from our hierarchy. The d.c. function f(z1,z2) = (x% + 923 + 2:/5%) —
2 (x1 + x2)? is underestimated in the box domain [—3,3]2 using (1.84, —1.04) as the point of con-
struction. Here, “f” is the function, “L” is the linear underestimator, while “S”, “D”, and “M” are

the quadratic underestimators constructed using the respective methods.

Table 1. Computational results for different methods in the hierarchy, for points of construction

that admit a valid underestimator without the shift.

# Points of Avg. Metric Avg. CPU (ms)

Dimension # Functions

Construction g D M SS UDS DS MS S D M SS UDS DS MS

1 9 37 0.663 0.663 0.663 0.663 0.663 0.663 0.663 18 19 22 13 21 21 25

2 9 42 0.435 0.502 0.510 0.435 0.480 0.523 0.524 120 157 190 89 133 170 191
3 9 18 0.503 0.725 0.726 0.503 0.673 0.725 0.727 710 1350 1600 527 736 1439 1660
4 9 9 0.383 0.681 0.682 0.383 0.605 0.683 0.695 4180 10598 11173 3397 3201 9277 9743

For functions of one dimension, Table 1 clearly shows that all methods perform similarly for
points of construction that admit valid underestimators without requiring a shift, which is simply
explained by the equivalency of the methods in the univariate case. In the case of higher dimen-
sional functions, however, Table 1 shows that the shift provides some flexibility to create tighter
underestimators. This is evidenced by the sharp increase in the average metric by approximately
10%, 34%, and 58% between methods “S” and “UDS” for dimensions 2, 3, and 4, respectively.

Notably, for dimensions 3 and 4, elevating the complexity of the method from “S” to “D” yielded
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Figure 5. Quadratic underestimators (green) for the univariate d.c. functions f(z) =
(2722 + 2% + 250) — 152* at 29 = —3.24 (left) and f(z) = 2® — 62% at x9 = 5.24 (right), com-

pared to linear underestimators (blue) using the “S” method.

Flar, )

Figure 6. Quadratic underestimators (green) for the bivariate d.c. functions f(x) =
(15.02% 4+ 923 + 25) — [3(z1 4+ 22)? +6.327] at xy = (—1.95,-1.81) (left) and f(z) =
(527 4+ 523 + 3 (23 + 23)?] — [4(z1 + 22)® + 321 + 323] at xy = (—0.68,—2.21) (right), compared

to linear underestimators (blue) using the “S” method.
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Table 2. Computational results for different methods in the hierarchy, for points of construction

that require the shift to admit a valid underestimator.

# Points of Avg. Metric Avg. CPU (ms)
Dimension # Functions

Construction SS UDS DS MS SS UDS DS MS

1 9 53 0.000 0.022 0.022 0.022 8 15 15 19
2 9 48 0.000 0.202 0.213 0.223 49 110 109 130
3 9 72 0.000 0.509 0.535 0.542 461 964 1202 1450
4 9 81 0.000 0.487 0.526 0.538 3162 8868 14741 16986

an average improvement in the metric of approximately 44% and 78%, respectively. However, us-
ing the matrix methods in lieu of the diagonal ones (i.e., “M” vs. “D”, or “MS” vs. “DS”) yields
only marginal improvements in underestimator tightness. As expected, method “MS” constructs
the tightest underestimators, but it also exacts the greatest computational expense. In all meth-
ods, the computational time to construct these underestimators increases sharply with function
dimension.

Table 2 demonstrates the effectiveness of the shift and the capability for the methodologies
to construct quadratic underestimators at points where, without the shift, the methods would
fail. First, we clearly state that all methods with the shift successfully create underestimators
for all points of construction, without exception. However, given that the first-order Taylor series
approximation constructed at these points is not a valid underestimator, we ought to use an altered
definition of the metric to convey tightness. More specifically, in Table 2, the reported metric
compares the linear underestimator generated by method “SS” with underestimators constructed
by the other methods; hence, method “SS” is reported in Table 2 as having a metric of 0, by
definition. Notably, the other methods show a metric greater than 0, indicating that, on average,
the final underestimators generated by these methods retain some curvature. Indeed, for the
higher dimensional cases and the “MS” method, we observe that simultaneously optimizing the
scaling parameters with the shift produces underestimators that reduce the volume between the
function and the linear underestimators generated by “SS” by approximately 22%, 54%, and 54% for
dimensions 2, 3, and 4, respectively. A slight decrease in tightness would be suffered if one utilized
methods “DS” or “UDS” instead of “MS”, albeit at the benefit of a more expedient computation.

These results demonstrate the importance of using the shift parameter to successfully achieve
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quadratic underestimation at any and all points of construction for which V2f(xzg) = 0 and to
improve the tightness of these underestimators.

Tables A4-A9 in the Appendix provide detailed data (per dimension) regarding the average and
standard deviation of cutting-plane algorithm iterations, number of vertices enumerated, metric,
CPU time, and number of LP solves exhibited by each method in this computational study. Finally,
we remark that, in our extraction of d.c. functions, certain pathological cases were identified but
not removed from our benchmark set. In these cases, pathological refers to functions for which
the cutting-plane algorithm will fail to generate a successful quadratic underestimator at all points
{z € dom(f) : V2f(x) 3= 0} without the shift. In other words, regardless of local convexity, first-
order Taylor series expansions constructed at all points of these functions will overestimate them
at some part of the domain. As an example, consider the function depicted in Figure 1; had this
function been defined only over the smaller domain x € [0.35, 1.0], it would have been a pathological
function. Another clear example of a pathological case is a function from the sisser optimization

problem showed in Figure Al in the Appendix.

3.2 Root Node Relaxation Comparison with State-of-the-art

In this study, we demonstrate the quality of relaxations constructed using our quadratic underesti-
mation methodology on a set of d.c. optimization problems. In particular, we employ method “DS”,
which affords a good tradeoff between quality and tractability, to construct quadratic underestima-
tors for each non-linear function in these problems, setting the tolerance of the cutting-plane algo-
rithm to e = le—3. We then solve the resulting convex QCQP relaxation using IPOPT v3.14.13 [Wachter
and Biegler, 2006] with the linear solver MUMPS v5.6.2 [Amestoy et al., 2001, 2006] to determine
a lower bound at the root node of each problem, which we compare with the lower bound at the
root node computed by BARON v24.5.8 [Sahinidis, 1996]. We use all default settings of BARON, in-
cluding the option NoutPerVar = 4 that dictates the number of outer approximations per variable
for convex multivariate functions. For a fair comparison, we mirror this by choosing to construct
four quadratic underestimators per dimension at points of construction determined using Latin
hypercube sampling, for each non-linear function present in the benchmark problems. Aside from
this, we use the same settings for the cutting-plane algorithm, as presented in Section 3.1. We

also highlight that we include all auxiliary techniques available by default in BARON (e.g., bounds
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tightening), even though equivalent techniques are not utilized in our methodology. Despite such an
unfavorable setup, however, we will demonstrate the superior quality of the lower bounds computed

using our convex quadratic relaxation for problems defined in dimensions greater than one.

3.2.1 Generation of D.C. Optimization Problem Library

Noting the scarcity of benchmark d.c. optimization problems available in the literature, we system-
atically created optimization problems that are defined in one to four dimensions and that include
linear, convex, and (non-convex) d.c. functions. Whereas the explicit problem instances used in our
computational study are provided in the Appendix, in this section we outline the general procedure
we employed in creating these instances.

We generate optimization problems parameterized by a tuple, (n, mg, m., mq.), where n is the
dimension of the problem, my is the number of linear constraints, m,. is the number of convex
constraints, and myg. is the number of non-convex d.c. constraints. For our study, we produce
instances defined using all combinations of n € {1,2,3,4}, my = 1 if n > 1 (no linear constraints
added in univariate optimization problems), m. € {1,2} and mg. € {1,2,3}. In total, we produce
24 problems (6 for each dimension). In all cases, we restrict the domain of the variables to [—1, 1].

To create a new instance, we first assign n to the desired dimension, and then select a d.c.
function to serve as the objective, followed by my, m., and mg. linear, convex, and d.c. functions,
respectively, to serve as constraints. As we add a new constraint to the problem, we ensure it is
not redundant (i.e., it does reduce the feasible space) by utilizing a set of 100n points selected via
Latin hypercube sampling to check for feasibility. More specifically, given the box domain of the
variables, we determine a priori the upper and lower bounds of the range of each function, where the
upper bound defines a right-hand side for the constraint to encompass the full feasible space (i.e.,
makes the constraint redundant), and the lower bound defines a right-hand side that eliminates
the entire feasible space (i.e., causes the problem to be infeasible). Via binary search, we pick the
right-hand side to use for this constraint such that 20% of the remaining sampled feasible points
are eliminated. For example, after we sample 400 points for a four-dimensional problem, the first
constraint added will eliminate 80 of those from the feasible space, while the next constraint will
eliminate an additional 64 (20% of the remaining 320) points, resulting in 256 feasible points in the

original sample. Consequently, the order in which the constraints are added to the optimization
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problem is important: we add the linear constraint first, followed by the convex constraints, and
add the d.c. constraints last. We highlight that adding the constraints in this order maximizes the
contribution of the non-convex d.c. functions in defining the feasible space, which aligns with the
goal of this work.

We generate linear constraints for use in our optimization problems by considering the linear
form Y7 | Bix; < ¢, where 8; = 1 or 5; = —1 (chosen randomly) for each dimension i. As per
the process explained above, we identify bounds on range of each linear expression and execute a
binary search on ¢ until the feasible space (as represented by the sample points) has been reduced
by 20%. In regards to generating convex functions, we do so by randomly sampling from a set of
convex functional forms extracted from benchmark libraries and expanded using established rules
that preserve convexity. For d.c. functions, we follow an approach similar to the one used in the
hierarchy comparison study of Section 3.1.1, utilizing the core set of functions from Table A2 to
construct higher-dimensional representatives. After randomly shuffling all d.c. functions available
to us from this process, we use the first d.c. function in the objective, and subsequent functions in
the d.c. constraints until we have added a total of my. constraints.

While we omit many specific details from our problem construction description, we explicitly
include the resulting formulations in Tables A10-A13 in the Appendix for reference. We note that
these tables only present floating point numbers to three decimals of precision; consequently, we
supply the .nl files defining the problems with full decimal precision as executed in this study as
Supplementary Material to this paper. We additionally provide a comprehensive list of the points

of construction for each function of the study, included as comments in each file.

3.2.2 Results

Table 3 provides aggregate results for the root node relaxation comparison, where we report the
number of instances for which each alternative approach—QCQP relaxation versus BARON—computes
a superior root node lower bound as well as the average reduction of the gap between the optimal
solution and the BARON lower bound that the QCQP relaxation affords us. These results demon-
strate that the convex QCQP relaxation produces substantially superior lower bounds compared to
BARON, reducing the root node relaxation gap by an excess of 92%, on average, for problems defined

in two or more dimensions. For univariate problems, the QCQP relaxation produces tighter lower
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bounds than BARON at the root node for five out of the six problem instances, while for the sixth
problem, BARON reduced the gap between the QCQP bound and the optimal solution by only 11%.
These results provide strong evidence of the tightness of the convex QCQP relaxation constructed
by our methodology. We acknowledge that, while this comparison provides evidence for the quality
of the quadratic underestimators generated by our methodology, the latter requires more compu-
tation time than BARON. However, given that we have implemented our algorithms in Python, it
remains to be seen whether efficiency gains that would be achieved by utilizing a compiled language

can provide for a more straightforward comparison.

Table 3. Comparison of QCQP relaxation with BARON root node.

BARON Root QCQP Bound Avg. Gap
Dimension # Problems
Node Better Better Reduction by QCQP
1D 6 1 5 78.8%*
2D 6 0 6 92.1%
3D 6 0 6 94.4%
4D 6 0 6 94.5%

*Reduction for the 5 problems where the QCQP provided a better bound.

4 Conclusions

In this work, we presented a hierarchy of methodologies to construct convex quadratic underes-
timators for non-convex d.c. functions. Focusing on d.c. functions extracted from optimization
benchmark libraries, we generated quadratic underestimators that reduce, on average, the hypervol-
ume between the function and a linear underestimator constructed at the same point of construction
by 66% for one-dimensional functions and, depending on the variant of our methodology used, by
a range of 38%—-73% for functions of higher dimensions. Furthermore, we demonstrated in our
computational study that, with variants that include a shift in the quadratic form, we could gen-
erate valid underestimators for all points of construction where V2f(z) %= 0, including points at
which the first-order Taylor series approximation is not a valid underestimator. We showcase the

tightness of our quadratic underestimators by providing qualitative results on several example func-
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tions, highlighting also the improvements that can be achieved by utilizing more involved methods
in our hierarchy. Finally, we show the quality of convex QCQP relaxations constructed using our
quadratic underestimation methodology in a comparison with BARON for lower bounds computed at
the root node of a set of systematically created d.c. optimization problems. Notably, our convex
QCQP relaxation is able to produce superior lower bounds than those computed by BARON at the
root node in the vast majority of cases, closing the root node relaxation gap by 90%, on average.
Future work could investigate generalizing the hierarchy even further to include variants that
determine a matrix for the second-order term of the Taylor series approximation from the entire
positive semi-definite cone, rather than from a restricted subset limited to matrices satisfying
diagonal dominance properties. In our experience, maintaining a quadratic that is monotonic
in its parameters is much more involved with a parameter modifying the first-order term of the
quadratic. Thus, future work could explore ways to tailor the cutting-plane algorithm to achieve the
monotonicity property in the context of modifying the first-order term, or altogether removing the
monotonicity requirement from the algorithm while preserving efficiency and convergence. Finally,
the opportunity now arises to incorporate our quadratic underestimators within the relaxations of
established global optimization software, and future work shall investigate the bound benefits and

computational tradeoffs of doing so.
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Appendix

The material supplied in this appendix provides the explicit function and problem formulations used

in our computational study as well as supplemental details for some of the results. More specifically,
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Tables A1-Table A3 display the precise functions used in Section 3.1.1, while Tables A4—A9 provide
additional details for the computational results of the same section. Figure Al provides a visual
example of a pathological function discovered in the study for quadratic underestimator forms
without the shift parameter. Finally, for the study in Section 3.2, where we compare root node
relaxations of optimization problems, Tables A10-A13 provide the explicit formulations of the
problems used in the study. All models are supplied in the Supplementary Material accompanying
this paper in the form of .nl files, which also include information about the points of construction

used in that study.

Table Al. Details of functions from the COCONUT library used in our computational studies,
where the equation names are as in the GAMS files available at https://arnold-neumaier.at/

glopt/coconut/Benchmark/Benchmark.html.

Dimension ~ Library ~ Problem  Name Expression Variable Bounds Assigned Bounds
1 GlobalLib  ex4.1.6 objeons  f(x1) = (2723 + 2§ + 250) — 152 [-5,5] -
1 CUTE  zy2 objcons  f(x1) =z} — 6a? [0,8] upper
1 GlobalLib ex4.19  conl fla1) = 8aF — (82} + 22%) [0,3]
2 CSTP conforml  con2, flar, xg) = [52F + 523 + %(1{ +a3)?] — [4(x1 + 22)% + %1{ + %11 [-3,3] x [-3,3] both
2 GlobalLib ex8.14  objcons f(z1,2) = [1527 + 923 + 2§ — [3(21 + 22)? + 6.321] [-3,3] x [-3,3] both
2 CUTE camel6 objcons  f(z1,22) = [%E{ +0.5(z1 +22)% + 423 + %x‘l‘] - (%Tﬁ + 2,1z*11) [-3,3] x [-1.5,1.5]
2 CUTE  sisser objcons  f(x1,3) = (4a% + 4a3) — (2} + 1‘3)2 [-3,3] x [-3,3] both
2 CSTP  cyclo conl flay, @) = [264.5:5{ +79.523 + 694.5(21 + 12)? + 656.5 (27 + x%)z] — (656.521 + 656.503)  [—10,10] x [~10,10]
2 GlobalLib  ex4.1.5 objcons  f(x1,22) = (%If + %1{ + %Ii‘) — [0.5(1 + 22)% + 1.0521] [-5,5] x [-5,5] upper for z1, lower for zo
2 CUTE  dipigri objcons  f(z1,22) = (25 + 927 + 223) — 2(z1 + 22)? [-3,3] x [-3,3] both

Table A2. Core functions utilized to construct d.c. functions for our computational studies.

Functions

fi(z) := (20210 + 42?) — 122

fo(x) = (42% + ) — 322

fa(z) := (322° + 82?) — 31a*

fa(x) == (42% + 82%) — (2357 + =235 — 2.35)
f5(x) == (e" + e747) — (6€** + 6~ — 8.6)
fo(z) == (2050 4 362° + 82%) — 38z*

Li(x) = 5,35 25)*!
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Table A3. Additional d.c. functions utilized in our computational studies. Functions f.) and £,

are as defined in Table A2. In all cases, the variables are bounded in [—1, 1].

Dimension Function

fi(w1) + fi(z2) + fr(xs) + fa(xa) + La(21, 72,23, 04)
fi(w1) + fi(z2) + fi(xs) + fa(za) + La(21, 72,23, 04)
fi(w1) + fi(z2) + faxs) + fa(xa) + La(21, 72,23, 04)
fi(w1) + f3(x2) + f5(xs) + fo(xa) + La(21, 72,23, 04)
fi(w1) + fa(z2) + f5(xs) + fs(xa) + La(21, 72,23, 04)
fa(w1) + fa(x2) + fa(xs) + fa(za) + La(21, 72,23, 04)
f2 (24) ( 4)

(w4) ( 4)

(24) ( )

fa(z1) + fazo) + fa(xs) + fs5(xa) + La(x1, 22,03, 74

x1) + fo(@2) + folxz) + fo(wa) + La(zy, x2, 23,24

1 fi(z)
1 fa(@)
1 fs(x)
1 fa(=)
1 f5(x)
1 fo(x)
fi(@1) + fo(wa) + La(a1,22)
Fa(z1) + fa(w2) + Lo(w1,22)
filz) + fi(we) + fa(xs) + La(z1, 22, 23)
fi(w1) + fi(z2) + f5(x3) + L3(w1, 22, 23)
fi(w1) + fa(@2) + f5(x3) + L3(w1, 22, 23)
fi(w1) + fa(@2) + fo(xs) + L3(w1, 22, 23)
fi(w1) + fo(x2) + fo(xs) + L3(w1, 22, 23)
fa(w1) + fa(x2) + f5(23) + L3(w1, 22, 23)
f3(w1) + fa(x2) + fa(xs) + L3(w1,22,23)
Fa(z1) + fo(w2) + fo(xs) + La(z1, 22, 23)
f5(w1) + f5(x2) + f5(x3) + L3(w1, 22, 23)
(
(
(
(
(
(
(
(
(

L L 2 A B L L R L R L v~~~ AT V)

(w2)
(w2)
(w2) + falws)
(w2) + fo(ws)
(w2) + fo(ws)
(w2) + fo(ws)
(w2) + fo(ws)
(w2) + fo(ws)
(w2) + falws)
(w2) + fo(ws)
(w2) + fo(ws)
(w2) + fu(ws)
(w2) + fu(ws)
(w2) + falws)
(w2) + fo(ws)
(w2) + fo(ws)
(w2) + falws)
(w2) + falws)
(w2) + falws)
(w2) + falws)

fa(w1) + fa(z2) + fa(xs) + fa(za) + La(w1, w2, 23, 24
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Table A4. Computational details (averages + standard deviations) for producing underestimators
of 2D functions using the 42 points of construction (in total, across all functions) that did not require

shift for successful construction.

Method  Iterations Vertices Metric CPU (ms) LP Solves
S 458 +£34.1 214.0£161.9 0.435+0.298 120+127 0.0+0.0

D 09.8£38.6 280.3+183.3 0.502+0.292 157+119 5.0+2.8

M 64.0£41.5 3004+£197.6 0.510+0.291 190+121 53+£3.2
SS 45.8 £34.1 214.0£161.9 0.435+£0.298 89£91 0.0£0.0
UDS 49.44+£36.5 2309+173.4 0.480+0.294 133+100 4.5+2.2
DS 62.1£41.6 290.8+£197.6 0.523+0.288 170+130 5.6+£2.8
MS 65.7+£42.8 308.1 £204.0 0.524+0.290 191+129 5.7+3.2

Table A5. Computational details (averages + standard deviations) for producing underestimators
of 2D functions using the 48 points of construction (in total, across all functions) that required the

shift for successful construction.

Method  Iterations Vertices Metric CPU (ms) LP Solves
SS 28.2+20.7 131.44£97.7 0.000£0.000 49 +46 0.0£0.0
UDS 39.94+30.5 186.5£148.7 0.202+0.257 110+ 84 42+£25
DS 40.1+£30.7 187.2+149.1 0.213+£0.256 109 + 83 4.5+2.7
MS 41.5+£31.2 193.3+£151.8 0.223£0.257 130+81 4.7+3.0
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Table A6. Computational details (averages + standard deviations) for producing underestimators
of 3D functions using the 18 points of construction (in total, across all functions) that did not require

shift for successful construction.

Method  Iterations Vertices Metric CPU (ms) LP Solves
S 93.6 £33.6 1173.4+551.2 0.503 +£0.209 710 4467 0.0£0.0

D 155.8 £68.0 2033.0+1184.1 0.7254+0.028 1350 £1091 15.3+5.3

M 162.6 £60.3 2135.8 £1045.8 0.726£0.032 1600+904 18.6£6.0
SS 93.6 £33.6 1173.4+551.2 0.503 £0.209 527 £ 379 0.0£0.0
UDS  100.7+43.2 1237.3+683.8 0.673+0.073 736+515 12.3+3.4
DS 155.0 £68.5 2020.9+1191.4 0.725+0.028 1439 +1208 15.9+£5.0
MS 162.3 £61.2 2126.7£1057.3 0.727 +£0.028 1660 £918 19.6£5.4

Table A7. Computational details (averages + standard deviations) for producing underestimators
of 3D functions using the 72 points of construction (in total, across all functions) that required the

shift for successful construction.

Method  Iterations Vertices Metric CPU (ms) LP Solves
SS 83.2+£429 1161.9+£750.1 0.000£0.000 461+£519 0.0+0.0
UDS 124.1£52.1  1768.7£913.9 0.509+0.216 964 £652 11.3+44
DS 144.3 £55.9 2081.4+£987.0 0.535+0.215 1202+801 13.2+44
MS 152.4+£63.3 2217.94+1119.2 0.5424+0.209 1450+£991 14.7£54

33



Table A8. Computational details (averages + standard deviations) for producing underestimators

of 4D functions using the 9 points of construction (in total, across all functions) that did not require

shift for successful construction.

Method  Iterations Vertices Metric CPU (ms)  LP Solves
S 161.9 £63.8 7127.4+3899.3 0.383+£0.188 4180+£3792 0.0+0.0

D 303.8+91.0 14299.9 +5620.7 0.681 £0.062 10598 £ 6448 23.4+9.6

M 293.0 £98.3 14011.1 £6206.6 0.682+0.064 11173 +6981 25.6+4.1
SS 161.9£63.8 7127.4+3899.3 0.383+£0.188 3397+£2795 0.0+0.0
UDS  151.9+44.2 6286.6 £2177.7 0.605£0.068 320141292 16.4+4.1
DS 283.2£71.0 12959.4+3804.9 0.683+£0.059 92773784 22.8+7.7
MS 273.2+82.0 12491.9+4866.7 0.695+0.045 9743 +5808 25.0+4.5

Table A9. Computational details (averages + standard deviations) for producing underestimators

of 4D functions using the 81 points of construction (in total, across all functions) that required the

shift for successful construction.

Method  Iterations Vertices Metric CPU (ms) LP Solves
SS 1404 £ 77.1 7282.8 £ 5581.0  0.000 £0.000 3162 £ 3531 0.0£0.0
UDS 2279+ 149.2 12404.1 £11227.1 0.487 £0.193 8868 £11509 16.6 £5.4
DS 301.2+183.0 17118.2 +14460.3 0.526 £0.188 14741 £+ 20844 20.4+6.2
MS 317.6 £188.9 18212.8 £14949.4 0.538 £0.181 16986 + 24619 23.3£7.2
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flar,z2)

Figure A1l. The pathological d.c. function from problem sisser, where no locally convex point
of construction admits a valid quadratic underestimator unless a method with shift is employed.
The green surface depicts the quadratic underestimator generated using the shift-utilizing “DS”

method at a central point, g = [0.592,0.555], whereas its linear relaxation counterpart (i.e., after

dropping the second-order term) is shown in blue.
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