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Abstract
Bundle adjustment is a long-standing problem in computer vision that solves for camera
parameters and 3D point coordinates from 2D image observations. While there has been
much work on various aspects, like adaptation to different camera models and sensors, and
considerations for solving the optimization problem, in this paper, we deal with a fundamental
and distinct question of the uniqueness of its solution. In particular, we examine the unique
solvability of the 3D reconstruction problem using parallel rigidity theory. We design an
algorithm to ensure that the topology of the bipartite graph formed by the camera-3D point
relations in bundle adjustment does not result in independent scaling of the edges in its
subgraphs. To tackle the generally large-sized bipartite graph, we leverage camera- camera
relationships in 3D reconstruction problems for efficiency. We demonstrate the benefits of
our analysis for a global structure-from-motion pipeline. Applying our pro- posed algorithm
results in significantly cleaner reconstructions by removing misplaced cameras and 3D points
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Abstract

Bundle adjustment is a long-standing problem in computer
vision that solves for camera parameters and 3D point coor-
dinates from 2D image observations. While there has been
much work on various aspects, like adaptation to different
camera models and sensors, and considerations for solv-
ing the optimization problem, in this paper, we deal with
a fundamental and distinct question of the uniqueness of
its solution. In particular, we examine the unique solvabil-
ity of the 3D reconstruction problem using parallel rigidity
theory. We design an algorithm to ensure that the topol-
ogy of the bipartite graph formed by the camera-3D point
relations in bundle adjustment does not result in indepen-
dent scaling of the edges in its subgraphs. To tackle the
generally large-sized bipartite graph, we leverage camera-
camera relationships in 3D reconstruction problems for ef-
ficiency. We demonstrate the benefits of our analysis for a
global structure-from-motion pipeline. Applying our pro-
posed algorithm results in significantly cleaner reconstruc-
tions by removing misplaced cameras and 3D points.

1. Introduction

Bundle adjustment (BA) [74] is fundamental to 3D recon-
struction in computer vision, with wide usage in structure-
from-motion (SfM) [58, 64, 66, 70-72, 83] and simultane-
ous localization and mapping (SLAM) [20, 21, 27, 39, 60].
BA optimizes for camera parameters (intrinsics and extrin-
sics) and 3D point coordinates to be consistent with 2D
observations or image features [74]. The camera extrinsics
(a rotation and a translation per camera) and 3D point
coordinates are defined with respect to a global coordinate
system. The camera-3D point relationships result in a
bipartite graph (e.g., see Fig. 1a), which is also known as
a visibility graph [19, 54, 79, 85]. The existing literature
has focused on different aspects of BA like adaptation for
different camera models [32, 41, 44, 55, 59, 67], integration
of sensors like GPS or IMU [15, 43], photometric con-
straints [4, 67], optimization techniques [1, 2, 13, 45, 46],
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uncertainty considerations [26, 56, 81], robustness to
outlier observations [86, 87], distributed computing
frameworks [25, 61] among others. Many efficient imple-
mentations of BA are publicly available [3, 20, 40, 47, 84].
In this paper, we use parallel rigidity theory to examine
a fundamental and distinct question in bundle adjustment
that has remained unaddressed in the literature: under what
conditions is a bundle adjustment solution unique?

Parallel rigidity: The issue of parallel rigidity [5] (or
the solvability problem [5, 22, 24, 76, 77]) occurs in a graph
embedded in R¢ with d > 2, which aims to recover vectors
on the nodes (R%) given relative directions (unit norm
vectors) on the edges (S%1) as the input. The mismatch
in the input (S?~!) and output (R%) spaces necessitates
estimating edge scales. In a parallel rigid (PR) graph,
none of its subgraphs can have edge scales independent of
any other subgraph, thus ensuring a unique solution (up to
the gauge freedom of an origin and a global scale factor).
The parallel rigidity of a graph is dependent on its topology
as well as on the input directions on the edges.

Parallel rigidity in BA: The bipartite BA graph,
denoted as Gp 4, consists of cameras and 3D points as
nodes and 2D observations' on the image as edges. Each
2D observation corresponds to a direction measured by the
camera in its local coordinate system”’ because a pinhole
camera is a projective mapping. Hence, the consideration
of parallel rigidity emerges in BA when camera translations
and 3D point coordinates (both corresponding to nodes in
Gpa and in R3) are simultaneously optimized, with 2D
observations (edges in Gp4 and effectively in S?) as the
input. We highlight that parallel rigidity in BA deals with
the unique solvability of camera translations and 3D point
coordinates (up to Sim(3) gauge freedom in BA), and not
of other camera parameters. Some thumb rules for 3D

12D observations correspond to the projection of 3D points on images.

2For example, given a camera with linear intrinsics K € R3%3, a di-
rection (S2) in its local coordinate system can be obtained from a 2D obser-
vation o € R? by K—16/||K 15|, where € R3 is the homogeneous
representation of o.
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Figure 1. Impact of parallel rigidity issue in BA. (a) Example of
a bipartite BA graph with cameras (Cam) and 3D points (Pt) as
nodes, and 2D observations as edges. (b) A 3D reconstruction
with misplaced 3D points of a facade shown in the blue ellipse,
which should be present inside the green ellipse. (c) Zoomed view
of the green ellipse that contains the facade. Misplaced 3D points
are scaled independent of other 3D points, which can be identified
using parallel rigidity principles.

scene coverage by cameras are presented in [74, Sec. 11]
to have a bipartite BA graph with “sufficient information
for reliable estimation”, which may indirectly ensure
parallel rigidity. However, to the best of our knowledge,
the bipartite BA graph has not been studied in terms of
parallel rigidity and its impact on 3D reconstructions.
An illustration of the impact of parallel rigidity (or lack
thereof) in BA on 3D reconstructions is shown in Fig. |.

The theory of parallel rigidity is developed when all
input directions are represented in a global coordinate
system. 2D observations provide directions in the local
coordinate system of individual cameras and can be rep-
resented in a global coordinate system only when camera
rotations and intrinsics are known’, which is seldom
true in practice for BA. Hence, we want the bipartite
BA graph to be a generically parallel rigid (GPR)
graph [5, Sec. 2.2 & 3.2], which examines independent
scaling of subgraphs based only on the graph topology and
dimension of the space. Fig. 2 provides toy examples in R2.

Our contributions: In this paper, we analyze generic
parallel rigidity of the bipartite BA graph, which, to the
best of our knowledge, has not been dealt with before in
the literature. Although there are randomized tests to infer
whether a graph is GPR [5, 63], our practical interest lies in
extracting its maximal GPR subgraphs. In BA, this ensures
that when any such subgraph is solved, a unique solution of
camera translations and 3D point coordinates is obtained.
Specifically, we aim to analyze the topology of the bipar-
tite BA graph through its 4-length loops since a 4-length
loop has the smallest possible loop length in any bipartite
graph and is also GPR in R3 [5, Prop. 9]. The nodes in
the bipartite BA graph consist of cameras and 3D points,
whose count is huge for large-scale problems. Instead of

3Continuing with the previous footnote example, if R € SO(3) is the
rotation of the camera, a direction in the global coordinate system can be
obtained as R™1K~15/||[K~15]).

(@ (b)

Figure 2. Toy examples of graphs in R? with input directions (ar-
rows) depicted as edges that form loops. The output we seek is the
set of node values satisfying the input directions. When we fix the
red edge’s scale, (a) has only one solution for node values (black),
while (b) has infinite solutions (another solution in gray by scaling
the black edges to gray ones independent of the red edge). The
independent scaling in (b) occurs with any set of four directions
forming loops; thus, this issue is due to its topology. Hence, (a) is
a generically parallel rigid graph in R? while (b) is not.

directly analyzing its generic parallel rigidity, we check it
through a viewgraph, which consists of camera-camera re-
lationships in terms of matched 2D observations. We de-
sign an algorithm to check for 4-length loops in the bipar-
tite BA graph implicitly via the viewgraph and efficiently
merge them if they together form a GPR graph. We demon-
strate the value of our analysis using GLOMAP [64], a re-
cent SfM pipeline based on global approaches [16, 17, 29—
31, 58, 62, 80, 91]. Applying our algorithm results in sig-
nificantly cleaner reconstructions by removing misplaced
cameras and 3D points occurring due to the independent
scaling of subgraphs. Moreover, we remove observations in
the bipartite BA graph that do not have a match in the view-
graph, significantly increasing reconstructed 3D points.

2. Literature Review

Bundle adjustment: A large body of literature on BA fo-
cuses on optimizing the non-linear least squares cost, which
is generally the reprojection error. Levenberg-Marquardt
algorithm [42, 53] and conjugate gradient method [33]
with preconditioning [35] are popular optimization rou-
tines for solving BA [2, 12—14, 45, 46]. The bipartite
graph topology of the input allows the usage of Schur’s
complement trick [68], which is employed by almost
every optimization routine for BA. For most BA problems,
connectivity in the bipartite graph is sparse, which is
efficiently utilized by sparse solvers [18, 65, 82]. These
properties of the bipartite BA graph persist irrespective
of the camera model used [32, 41, 44, 55, 59, 67], usage
of additional sensors [4, 67], modifying the optimization
cost with photometric constraints [4, 67] or robustness to
outliers [86, 87]. In this paper, we also exploit the topology
of the bipartite BA graph to extract its GPR subgraphs.

Parallel rigidity: Parallel rigidity has been of interest to
many communities, including computer vision [6, 63] for
translation averaging [7, 29, 48, 49, 51, 62], robotics [38],



computer-aided design [69] and decision control [22, 24,
75, 88]. There are two approaches to define parallel rigid-
ity: node-based [22, 24, 38, 69] via vector values on the
nodes, and edge-based [6, 37, 75] through cycles in a graph.
Theoretical findings on GPR graphs have been developed
in[11, 23, 36,37, 57, 76-78, 88, 89], which include condi-
tions on graph topology. Results on GPR bipartite graphs, in
terms of number of nodes and edges, are in [11, 76, 77]. A
different notion of solvability, having similarities with par-
allel rigidity theory [8], is relevant to recover camera ma-
trices from fundamental matrices [8—10, 73]. Readers are
referred to [5] for an excellent survey on parallel rigidity.

3. Connecting Parallel Rigidity and BA

Parallel rigidity in R*: Let G = (V, £) be a graph, where
each node i € V represents a vector x; € R? to be es-
timated and each edge (i,j) € & represents a relative di-
rection u;; € S? from node i to j. Then, the consistency
relation on each edge (i, j) is given as

(xj — %) || uyy (1
— u;; X (Xj — Xi) =0 2)
< (Xj — Xi) = QU4 3)

where X refers to the cross product and a;; € R. We note
that Eqns. 1, 2 and 3 are equivalent. Collecting Eqn. 3 for
all edges gives us an expression similar to [5, Eqn. 4], as

BeL)x= (I oU)a, “4)

with ® and ® denoting Kronecker and Khatri-Rao" prod-
ucts, respectively, B € RI€I*!VI being the incidence matrix
of G, U € R3*I€l with u;; as its columns, I is the d x d
identity matrix, and x and o are vectors with stacked x;
and «;;, respectively. For a connected graph, knowing any
one of x or « gives the other one uniquely, but in our case,
both are unknowns. Parallel rigidity determines whether a
unique solution exists for Eqn. 4. Equivalently, it tells us
whether some «;;’s are not dependent on other «y;’s, thus
checking for independent scaling of subgraphs.

Eqgn. 2 provides a useful way to characterize parallel
rigidity without explicitly dealing with scales. Let [a] de-
note the skew-symmetric matrix associated with the cross
product with a € R, Let Sy € R3I€1%31€] be a block diag-
onal matrix containing all [u;;]«. Collecting Eqn. 2 for all
edges gives us the following expression as in [5, Eqn. 19]

Su(B®l3)x=0. (5)

The graph G is parallel rigid (PR) in R? [5, Sec. 2.1] if and
only if rank(Sy (B ® Is)) = 3|V| — 4. We have infinitely

“In Eqn. 4, Khatri-Rao product is the column-wise Kronecker product.

many solutions when rank(Sy (B®1I3)) < 3|V| — 4.
We note that when all directions satisfy Eqn. 2,
rank(Su (B®13)) # 3|V| — 4.

Generic parallel rigidity in R3: In Eqn. 5, the inference
about parallel rigidity depends on the input directions
u;; (via Sy). For cases when only the graph topology is
available along with the dimension of the space, generic
parallel rigidity is useful. In simplified terms, a graph
G = (V, &) is generically parallel rigid (GPR) in R? [5,
Sec. 2.2], if there exists a set of x; € R3 such that
u;; € S? obtained from x; (by satisfying Eqn. 1) leads to
rank(Su (B ®I3)) = 3|V| — 4. We note that GPR is an
existence check on x;, and thus on the directions u;;. Only
the graph topology (via B) and dimension of the space (via
I3) are required to analyze a graph being GPR. Although
GPR graphs are defined with all input directions satisfying
the consistency relation (Eqn. 1), a non-GPR graph has a
direct impact on the estimation when dealing with noisy
directions [5, Sec. 4].

Bundle adjustment: Let the bipartite BA graph be rep-
resented as Gga = ({VoUVp},Epa), which consists
of two sets of nodes Vo and Vp, and an edge set Ega.
Each node ¢ € V¢ represents a camera with its parame-
ters, denoted as K; € R*3 R; € SO(3),T; € R? for
intrinsics, rotation and translation, respectively. Each node
j € Vp represents a 3D point with its coordinates, denoted
as P; € R3. Every edge (i,7) € Epa represents a 2D
observation o;; € R? of j'" 3D point (j € Vp) from it
camera (i € V¢ ) and, henceforth, referred to as a camera-
3D point or cam-pt edge. The standard BA optimizes the
reprojection error, which is given as

{erﬁivnTv} Z p(||0ij—H(KmRmTz‘»Pj)H)»
P,y (id)€Epa
(6)

where T1(+, -, -, -) projects a 3D point onto a camera and p(-)
denotes a robust loss function.

GPR in bundle adjustment: With the pinhole camera
model for projection, the consistency relation on every edge
in Gp 4 is given as

K;R; (P; — T;) = (3;;0j

<~ Pj — Ti = BiniTKi’laij
= (P; T | (RTK;'6;/IRIK65ll) . (D)
where 6;; € R? is the homogeneous form of o;; and
Bi; € Ris the scaling factor (dependent on K;, R;, T'; and
P ;) required for the projection operation. It can be seen that

Eqn. 7 is similar to Eqn. 1, with its right hand side in S? and
the unknowns P, T; € R®. This reveals that the issue of



parallel rigidity exists in BA whenever camera translations
(T;) and 3D point coordinates (P ;) are optimized with 2D
observations (0;;) as the input. The right side of Eqn. 7
is unknown since camera intrinsics and rotation are also
optimized. Thus, we consider the topology of Gg 4 and di-
mension of the space (R3) to examine whether G 4 is GPR.

We remark that the parallel rigidity issue is independent
of the optimization cost and remains valid with directional
inputs relating to output vectors similar to Eqn. 1. For
instance, GLOMAP [64] simultaneously optimizes for T;
and P; [64, Sec. 3.2] using directional inputs but with an
optimization cost different from the reprojection error [91,
Eqn. 2]. The issue exists in such scenarios as well, but has
not been dealt with in [64].

4. Proposed Method

Our goal is to obtain a GPR bipartite BA graph (Gp 4) to en-
sure unique solvability by avoiding independent scaling of
its subgraphs. Our method checks for loops in G 4 for the
analysis. From [5, Prop. 9], we know that loops of length
< 4 are GPR graphs in R3. In a bipartite graph, the smallest
possible loop length is 4. In G 4, a 4-length loop consists of
two cameras and two 3D points. We are interested in the in-
teractions between 4-length loops to extract GPR subgraphs
of Gpa. We use the fact that two GPR subgraphs with at
least two nodes in common together form a GPR graph [37,
Sec. 2]. This holds for any R4 with d > 2. Using this result,
the following interactions between two GPR subgraphs of
Gpa consist of two common nodes’, and hence, together
form a GPR graph:
[Type-1] A camera and a 3D point in common,

i.e. a cam-pt edge.
[Type-2] Two common cameras.
[Type-3] Two common 3D points.
Since 4-length loops are GPR in R3, our aim is to find
them in Gp4 and merge them based on their interactions.
Figs. 3a, 3c, 3e provide illustrations of interactions between
two 4-length loops. In a typical 3D reconstruction pipeline,
the bipartite BA graph is stored as tracks. Given a 3D point
h € Vp,atrack T, = ({Vorn U{h}},Erp) is a subgraph
of Gpa such that Vory, = {i € Vo|(i,h) € Epa} and
Ern = {(i,h) € Epa}. In other words, a track correspond-
ing to a 3D point is the subgraph of Gp 4 obtained by only
considering cam-pt edges connected to that 3D point. E.g.,
Fig. 3b shows colour-coded tracks, illustrating the specific
subgraph of Gp4 belonging to each track. We note that
obtaining maximal GPR subgraphs is NP-hard [37], and
our method may miss higher-order interactions, due to
which the GPR subgraphs may not be maximal. However,

5 An interaction with > 2 common nodes will contain at least one of
Type-1,2,3 in Gp 4. Thus, it suffices to consider these three interactions.

our method works well in practice, see Sec. 5.

Analysis through tracks: Here, we discuss how to
extract GPR subgraphs of Gp4 naively through tracks.
Let 7, and 7; be two tracks with their common cameras
Sk = Verk N Verr. If |Ski| > 2, then any two cameras in
Sy form a 4-length loop. E.g., in Fig. 3d, tracks belonging
to points P; and P», having two common cameras C; and
Cs, form a 4-length loop C; — P, — Cy — P, — Cy. From
these 4-length loop interactions, we can maintain GPR
subgraphs obtained from 7 and 7;. Now, for every new
track, we can obtain new 4-length loops by checking all
previously considered tracks to merge or expand existing
GPR subgraphs or create new ones. This requires O(|Vp|?)
operations for set intersections. For large-scale problems,
the number of tracks (or 3D points, |Vp|) is huge. Thus, we
need an efficient method to achieve our goal.

Analysis via the viewgraph: To obtain GPR subgraphs of
the bipartite BA graph Gp 4, we look at the camera-camera
relationships in a viewgraph through which the bipartite
BA graph or the tracks are constructed. Let the viewgraph®
be denoted as Gy = (Veo,€va). Ve is the same set
of cameras as in Gp4. Every edge (u,v) € &y (with
{u,v} € V¢) consists of many matched 2D observations
between cameras u and v, and is referred to as a camera-
camera or cam-cam edge in this paper. Each of those
matched observations ideally belongs to a 3D point and,
thus, contributes to two cam-pt edges in a track. E.g., in
Fig. 3d, one matched observation in the cam-cam edge
C1 — C5 gives two cam-pt edges, Cy — Py and Cy — P;.
In a 3D reconstruction pipeline, a track is constructed by
concatenating the matched observations across adjacent
cam-cam edges (edges having common nodes) through
common observations (or cam-pt edges). This motivates us
to infer the topology of the bipartite BA graph Gg 4 through
the viewgraph Gy . For each cam-cam edge, we maintain
a list of tracks contributed by its matched observations. We
describe our proposed method to extract generically parallel
rigid subgraphs of G 4 through Gy ¢ in the following steps.

Step 1 - Identify 4-length loops of G4 via Gy g: In
this step, we implicitly check for 4-length loops in the
bipartite BA graph Gp 4 through the viewgraph Gy . We
check for the conditions that form 4-length loops in Gg a:
every track should have at least two observations coming
from two cameras and every cam-cam edge in Gy ¢ should
have at least two matched observations’ (i.e. contributing
to two tracks). E.g., in Fig. 3c, the cam-cam edge C7 — C5

®We provide visual descriptions of the notations related to G 4 and
Gy @ in Sec. A of the supplementary material.

7We emphasize that our condition of two matched observations on a
cam-cam edge in a viewgraph is applicable for generic parallel rigidity
and is not the same as used for epipolar geometry estimation.
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Figure 3. Different interactions between two 4-length loops in
Gpa by cam-pt edges (solid lines). C; and P; denotes a cam-
era and a 3D point, respectively. The interactions can either be
viewed through (colour-coded) loops as in (a), (c) and (e) or can
be viewed through (colour-coded) tracks as in (b), (d) and (f). For
the Type-1 interaction in (a), the common cam-pt edge is shown
in black. Each thick dashed gray line shows a cam-cam edge in
Gv @, that consists of many matched 2D observations.

contributes to at least two tracks (P; and P,) and form a
4-length loop (marked in red). Similarly, in Fig. 3d, for
the track corresponding to P» (marked in blue), there are
at least two observations (C; — P, and Cy — P») for it to
be a part of a 4-length loop. We recursively discard the
cam-cam edges in Gy ¢ and the tracks until the conditions
are met on the remaining ones.

Step 2 - Extract subgraphs of Gp4 via Gy g: In this
step, we find cam-cam edges in Gy that form GPR sub-
graphs of Gg 4. In Step 1, we ensured that each cam-cam
edge in Gy ¢ forms at least one 4-length loop in Gp 4. Each
of the 4-length loops coming from a single cam-cam edge
is connected by the same two cameras belonging to that
cam-cam edge (e.g. red and green loops in Fig. 3¢ come
from C'y — C5 cam-cam edge). So, all of these loops have
Type-2 interactions between them. Hence, all matched
observations in a cam-cam edge in Gy ¢ together form a

GPR subgraph of Gp4. This gives us a way to deal with
GPR subgraphs of Gp 4 implicitly through cam-cam edges
in Gy . This drastically reduces the combinations to check
since, in most practical scenarios, |Ey¢| < |Vp| < |EB4],
leading to an efficient and tractable method.

Now, we want to infer which cam-cam edges in Gy
together form GPR subgraphs of Gp4. Since tracks are
constructed by concatenating the matched observations
in the adjacent cam-cam edges, we check for at least
one common track between two adjacent cam-cam edges
(e.g., C1 — C5 and C3; — ('3 in Fig. 3b have a common
track P in blue). Then, for every common track (blue in
Fig. 3b), there is a Type-1 interaction between two 4-length
loops in Gp4 (red and green in Fig. 3a) with each loop
belonging to a cam-cam edge. Hence, the two adjacent
cam-cam edges with a common track together form a GPR
subgraph of Gp4. To efficiently keep a record of these
subgraphs via cam-cam edges, we utilize the union-find
data structure [28] on the cam-cam edges, whose details are
provided in the supplementary material.

Step 3 - Merge appropriate subgraphs of Gg4: In
Step 2, 4-length loops of G4 are merged according to
Type-2 and then Type-1 interactions. In this step, we
consider Type-3 interactions, which occur through two
common 3D points. We merge any two subgraphs obtained
from Step 2 if they have at least two common tracks. We
note that the number of subgraphs obtained after Step 2 is
small (less than 20 for the datasets used, including a dataset
with ~ 9000 cameras), and hence, checking for all pairs of
subgraphs for common tracks is feasible.

The result of Step 3 gives us GPR subgraphs of Gp 4,
using the three types of interactions between 4-length loops
and the subgraphs formed after Step 2. We summarize our
method, named GPRBA, in Alg. 1.

Practical considerations: In many 3D reconstruction
pipelines, only a fraction of all the tracks are used in BA to
reduce the problem size. Moreover, tracks are modified at
different stages in the pipelines. For instance, observations
are removed in the tracks when they have high residual
errors in the optimization cost, for robustness to outliers,
or when the triangulation angle for a 3D point is not
sufficiently large. Such operations can impact the generic
parallel rigidity of Gg4. Hence, we apply our method
whenever tracks are constructed, a subset is selected, or
modified. Every invocation of our algorithm results in
multiple subgraphs of Gg4, whose count increases with
multiple invocations. Hence, we only retain the largest
subgraph after each invocation for pipeline efficiency.



Algorithm 1: GPRBA - Extract generically paral-
lel rigid subgraphs of the bipartite graph in bundle
adjustment
Input: Tracks 7; = Verj, {5}, 1))
corresponding to 3D points, constructed
from viewgraph Gy ¢ = Ve, Evea).
Output: Generically parallel rigid subgraphs of the
bipartite BA graph.
// Step 1 - Identify 4-length loops
while any track ('T;) or cam-cam edges (£ ¢ ) have
< 2 observations do
Remove tracks with < 2 observations.
Remove cam-cam edges with < 2 observations.
end
// Step 2 - Extract subgraphs
for each cam-cam edge (u,v) € Ey¢ do

—

(5]

w

N

wm

6 if adjacent edges (r, z) € Ey ¢ have at least one
common track with (u,v) then
7 Create a new set {(u,v), (r, 2)}.
8 if (u,v) or (r, z) belongs to existing sei(s)
then

9 ‘ Merge the existing set(s) to the new set.
10 end

1 end
12 end

13 For each set of cam-cam edges, extract tracks
through matched observations to obtain subgraphs.
// Step 3 - Merge appropriate
subgraphs
14 Merge two subgraphs if there are at least two
common tracks between them.

y Cy Cy Cy Cs &) Cy Cy
(b) Modified track.

(a) Original track.

Figure 4. Illustration of the occurrence of a hanging observation
in a track. Black solid lines denote observations (or equivalently,
cam-pt edges), while dashed lines denote cam-cam edges. When
observations P — C'3 and P — C5 are removed while modifying
the track, it results in a hanging observation P — Cy.

Recall that every cam-cam edge provides two observa-
tions (or cam-pt edges) to a track. Whenever tracks are
modified by removing some observations, a scenario can
occur when an observation in a track is not supported by any
cam-cam edge, which is not desirable. We call such an ob-
servation a hanging observation (see Fig. 4). Our method
utilizes the cam-cam edges, which do not account for these

observations. Hence, we remove such observations and de-
note this operation as Hanging Observation Filter (HOF).

5. Experiments

In this section, we provide experimental results on IMC
2022 [34] and 1DSM [80] datasets. Incremental pipelines,
both in SfM and SLAM, add cam-pt edges in tracks
based on the 3D points available in the intermediate
reconstructions. At a given increment stage, these pipelines
only consider a cam-cam edge in the viewgraph if there
are sufficient matched observations in that cam-cam edge
which have reconstructed 3D points. Thus, in incremental
pipelines, the bipartite BA graph Gp4 has a high chance
of being GPR. Due to this reason, for our experiments, we
use a global SfM pipeline, GLOMAP [64], to demonstrate
the impact of our analysis. Our method is implemented in
C++. All experiments are performed on a PC with an Intel
Xeon CPU E5-2630 processor with 96 GB RAM.

GLOMAP [64] selects a subset of all constructed
tracks and uses them for estimating camera parameters
(including translations) and 3D point coordinates. It also
filters the tracks at various stages in the pipeline to account
for outliers. We apply our HOF and GPRBA after the
subset selection and whenever tracks are filtered. We also
present results by applying our HOF exclusively to study
its impact on the reconstructions. GLOMAP also performs
an incremental retriangulation (similar to [66]) with the
estimated camera parameters to increase the number of
reconstructed 3D points. We report results obtained at the
output of BA both without and with retriangulation.

In Tabs. | and 2, we provide reconstruction statistics on
IMC 2022 and 1DSfM datasets, respectively. GLOMAP
filters the tracks and retains only those observations that
have low reprojection errors. We observe that applying
our HOF, whenever tracks are modified in GLOMAP [64],
results in significantly more 3D points reconstructed with
almost the same number of reconstructed cameras, espe-
cially without retriangulation. This reveals that removing
hanging observations leads to more observations with
low reprojection errors, suggesting their presence affects
estimation in BA.

For IMC 2022 datasets (Tab. 1), incorporating our
GPRBA along with HOF results in a slight reduction
in the number of cameras and 3D points reconstructed
compared to only using HOF. This is because our method
removes cameras and 3D points that have the independent
scaling issue. We also report camera translation errors
as our analysis impacts them. We compute the errors
after robustly aligning the solutions with the ground truth
provided using the method in [80]. The median errors give



Dataset ‘ # Cameras ‘ # 3D points (in 10%) ‘ Camera translation errors (in m) w/ retriangulation
‘ w/o retriangulation w/ retriangulation Median Errs. ‘ Removed ‘ # Cams. with errs. > 5m
| GLO. HOF HOF+GPRBA | GLO. HOF HOF+GPRBA | GLO. HOF HOF+GPRBA | GLO. HOF+GPRBA | cam.errs. | GLO. HOF+GPRBA
| [64] [Ours] [Ours] | [64] [Ours] [Ours] | [64] [Ours] [Ours] | [64] [Ours] | GLO.[64] | [64] [Ours]
Brandenburg Gate (BDG) 349 349 346 0.5 16 15 31 29 29 0.21 0.26 1081.28 13 6
British Museum (BRM) 176 176 176 0.3 15 14 25 27 27 0.16 0.14 - 0 0
Buckingham Palace (BKP) 446 446 443 1.2 29 28 76 84 84 0.69 0.17 329.07 13 9
Colosseum Exterior (COE) 499 499 498 1.6 56 55 95 98 98 0.60 0.40 8.86 26 24
Lincoln Memorial Statue (LMS) 214 214 214 0.2 9 9 15 17 17 0.04 0.05 - 2 3
Notre Dame Front Facade (NDF) | 911 911 900 2.8 93 90 154 157 158 0.04 0.04 77.16 13 14
Pantheon Exterior (PNE) 320 319 320 0.8 38 38 58 61 61 0.08 0.05 0.86 2 3
Piazza San Marco (PSM) 68 68 68 0.61 12 11 23 24 24 0.33 0.22 - 2 0
Sacre Coeur (SCR) 281 281 281 0.8 26 25 42 48 48 0.23 0.16 - 3 1
Sagrada Familia (SAF) 90 90 90 0.6 32 32 41 41 41 0.07 0.07 - 0 0
St Pauls Cathedral (SPC) 142 142 141 0.4 17 16 33 33 33 0.30 0.27 184.01 3 2
Temple Nara Japan (TNJ) 217 217 217 0.2 19 18 22 29 28 0.74 0.28 - 8 8
Trevi Fountain (TRF) 706 706 699 1.6 111 110 165 166 165 0.05 0.08 68.37 11 7

Table 1. Reconstruction statistics on IMC 2022 [34] before and after applying our HOF and GPRBA methods. Removed cam. errs. are
the mean errors in [64] of the cameras removed after applying our HOF+GPRBA. ‘—’ indicates no camera was removed. Applying our
HOF increases reconstructed 3D points significantly, especially w/o retriangulation in GLOMAP [64]. Incorporating our HOF+GPRBA
improves camera translations by removing cameras with high errors (Removed cam. errs), while reducing # cams. with errs. > 5 m.

Dataset | # Cameras | # 3D points (in 10%)
| | w/o retriangulation | w/ retriangulation
| GLO. HOF HOF+GPRBA | GLO. HOF HOF+GPRBA | GLO. HOF HOF+GPRBA
| 641 [Ours] [Ours] | [64] [Ours] [Ours] | [64] [Ours] [Ours]
Alamo (ALM) 17 1l 724 44 100 73 132 150 119
Ellis Island (ELS) 1302 1302 321 6.8 81 431 12 157 77
Gendarmenmarkt (GMM) | 1122 1122 997 50 131 133 162 174 165
Madrid Metropolis (MDR) | 718 718 443 33 55 44 65 73 60
Montreal Notre Dame (MND) 613 613 518 25 57 55 86 96 87
Notre Dame (ND) 1428 1428 1396 174 255 243 260 299 299
NYC Library (NYC) u7r 171 466 141 118 51 141 166 82
Piazza del Popolo (PDP) 1263 1263 964 38 73 67 104 120 106
Piccadilly (PIC) 3476 3476 2818 82 214 199 266 309 271
Roman Forum (ROF) 1776 1776 1390 88 218 166 268 302 270
Tower of London (TOL) 926 926 675 6.1 121 114 136 153 144
Trafalgar (TFG) 8868 8863 6714 255 398 356 463 496 450
Union Square (USQ) 1434 1433 942 35 77 69 67 76 71
Vienna Cathedral (VNC) 1777 1777 1092 1t 199 136 278 335 232
Yorkminster (YKM) 2014 2014 585 108 265 83 318 410 131

Table 2. Reconstruction statistics on 1DSfM datasets [80]. Applying our HOF increases
reconstructed 3D points significantly, especially w/o retriangulation in GLOMAP [64].
Incorporating our HOF + GPRBA in [64] clearly indicates that a large number of cameras
and 3D points do not form a GPR graph in BA, which cannot be merged since they can be
scaled independent of the reconstruction obtained.

an idea of the camera errors that are not misplaced, and our
method improves the estimates of these cameras. To check
for the errors of misplaced cameras, we report the mean
error in GLOMAP [64] of the cameras removed by our
method in the column “Removed cam. errs.” of Tab. 1. It
can be seen that the errors of the cameras removed are high,
signifying the importance of our analysis. Moreover, our
method reduces the number of cameras with errors > 5 m.
We note that high camera errors can be caused by multiple
reasons, including the independent scaling issue (parallel
rigidity) and the presence of outliers in the matched 2D
observations. Our approach only removes the cameras
with the independent scaling issue, and thus, some of the
remaining cameras have high errors. For 1DSfM datasets
(Tab. 2), our HOF+GPRBA removes a large number of
cameras and 3D points because they do not form a GPR
graph in BA. We emphasize that they cannot be merged
with the reconstruction already obtained as they can be

IDStM ‘ Time (mins) ‘ IMC 2022 ‘ Time (mins)

801 |terr  tr | 34 |terr  tr

ALM | 044  47.07 BDG 0.12 10.40
ELS 0.12 1588 BRM 0.13 4.90
GMM | 039 103.56 BKP 0.16 2825
MDR | 0.09 26.68 COE 0.78 3855
MND 0.12 14.96 LMS 0.09 5.25
ND 1.80  328.83 NDF 1.47  112.38
NYC 0.11 14.21 PNE 0.33 14.48
PDP 0.15 31.17 PSM 0.01 2.05
PIC 149 177.07 SCR 0.13 1525
ROF 0.37 5829 SAF 0.08 8.66
TOL 0.25 2092 SPC 0.06 5.06
TFG 4.07 65154 TNJ 0.12 9.50
UsQ 0.16  21.66 TRF 072 73.05
VNC 0.65  67.56

YKM 0.27 26.22

Table 3. Computation time. tgpr: Time
for five invocations of our HOF + GPRBA.
tr: Reconstruction time by GLOMAP [64]
for one run. Our method takes < 2% of the
reconstruction time.

scaled independent of the obtained reconstruction resulting
in misplaced cameras and 3D points. We could not analyze
translation errors for 1DSfM datasets because the ground
truth is not available for all cameras, and thus, the errors do
not reflect the gains by removing the misplaced cameras.

In Fig. 5, we show reconstructions of various datasets
with retriangulation in GLOMAP [64].
extracts GPR subgraphs in BA, which removes misplaced
parts of the reconstructions (marked in blue), leading to
significantly cleaner reconstructions than GLOMAP alone.
We reiterate that our method does not deal with outliers,
and hence some reconstruction artifacts can be present.
Moreover, only removing hanging observations (by HOF)
does not lead to the removal of misplaced reconstruction
parts, showing the significance of GPRBA. We also present
reconstructions without retriangulation in the supplemen-
tary material, where we observe a similar trend as seen for

Our method



ALM [80]

TFG [80]

GLOMAP [64]

HOF [Ours]

#No = 1111, #Np = 150.

HOF+GPRBA [Ours]

#N¢ = 724, #Np = 119.

#No = 2014, #Np = 318.

#Ng = 6714, #Np = 450.

YKM [80] NDF [34]

#No = 911, #Np = 154.
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s _5»,‘» -

#Nc =911, #Np = 157.

#N¢o = 585, #Np = 131. #Nc =900, #Np = 158.

Figure 5. Reconstruction results with retriangulation in GLOMAP [64]. # N¢ and # Np: number of reconstructed cameras and 3D points
(in 10%). Applying only our HOF does not remove misplaced cameras and 3D points (blue ellipses). Our approach HOF+GPRBA, that
extracts GPR subgraphs in BA, results in significantly cleaner reconstructions by removing misplaced cameras and 3D points.

the reconstructions with retriangulation. Additionally, we
see that by incorporating HOF + GPRBA in GLOMAP, we
can obtain reasonable reconstructions even without retrian-
gulation, which is not the case when using GLOMAP alone.

GLOMAP filters the tracks five times in a single run.
HOF+GPRBA is applied whenever the tracks are modified
and complements the pipeline. This is because if many
observations are removed while filtering tracks, Gg 4 can
have many strongly connected clusters with few cam-pt
edges across them, which may indicate the presence of
incorrect (false) edges. If these clusters do not have enough
cam-pt edges across them, they get separated by extracting
a GPR subgraph using our approach. This case occurs
in ELS, NYC, VNC and YKM, where incorporating our
approach results in significantly cleaner reconstructions
by separating unrelated parts of the scene in Gp4. The
reconstructions obtained with HOF+GPRBA are similar as
shown in the dataset paper [80] and recent papers reporting
COLMAP outputs [50, 52, 90]. This shows the usefulness
of GPR analysis on Gg 4 to separate unrelated scene parts.

In Tab. 3, we provide the computation time for our ap-
proach. We see that five invocations of HOF+GPRBA in a
single run of GLOMAP takes < 2% of the reconstruction
time for all datasets, which further improves to < 1% for
datasets with > 1000 cameras. This shows the efficiency
and scalability of our approach.

6. Conclusion

This paper examines the issue of unique solvability in BA
through parallel rigidity, which arises due to jointly solving
camera translations and 3D points. We analyze the topol-
ogy of the bipartite BA graph to avoid independent scal-
ing of its edges. Our method inspects 4-length loops in the
bipartite BA graph to extract its subgraphs that are generi-
cally parallel rigid. For efficient extraction, we utilize the
camera-camera relationships in the viewgraph from which
the bipartite BA graph is constructed. Incorporating our ap-
proach into GLOMAP [64] results in significantly cleaner
reconstructions by removing misplaced cameras and 3D
points. Moreover, we remove observations in the bipar-
tite BA graph that are not matched in the viewgraph, which
leads to significantly more reconstructed 3D points.
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A. Graph Notations

In this section, we provide the graph notations used in Sec. 4
of the main paper along with a visual representation in
Fig. S1 for clarity. The graphs involved in the paper:

* Gpa = ({VcUVp},Epa): bipartite BA graph (Fig. S1a),
* Gve = Vo, Evea): viewgraph (Fig. S1b),

where

* Ve: set of cameras (brown nodes in Figs. S1a and S1b),

* Vp: set of 3D points (violet nodes in Fig. S1b),

e Epa: cam-pt edges in Gp 4 representing 2D observations
such that £ 4 C Ve x Vp (black lines in Fig. S1a),

e Ey: cam-cam edges in Gy representing matched 2D
observations such that £y C Ve X Ve (thick dashed
gray lines in Fig. S1b).
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(b) Viewgraph (Gy ).

Figure S1. Notations of the two graphs used in the paper.
Bipartite BA graph: Gga = ({Vo UVp}, EpaA).
Viewgraph: Gve = Vo, Eva). See text for details.
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B. Additional Details on the Proposed Method

In Sec. 4 of the main paper, we presented our proposed
method. Here, we provide details on maintaining subgraphs
with union-find data structure and on the computation com-
plexity of GPRBA.

Subgraphs with union-find data structure: In Step 2
of our method, we noted that matched observations in each
cam-cam edge in the viewgraph Gy ¢ form subgraphs of the
bipartite BA graph Gp 4 that are generically parallel rigid
(GPR), through Type-2 interactions of 4-length loops in
Gpa. Then, we considered Type-1 interactions of 4-length
loops in Gp4 via common tracks between two cam-cam
edges in Gy . To efficiently record which cam-cam edges
in Gy ¢ together form a GPR subgraph in Gp 4, we utilize
the union-find data structure on cam-cam edges.

The union-find data structure stores a collection of dis-
joint sets to efficiently query if two elements belong to the
same set. Every disjoint set is identified by a representative
element. In our method, each disjoint set represents a
set of cam-cam edges in Gy that together form a GPR
subgraph of Gp4. The data structure can be represented
as a set of tuples U/ F. In each tuple (e,r) € UF, e is an
element denoting a cam-cam edge in £y and r denotes
the representative element of the disjoint set in which e
belongs to.

Before starting Step 2 of our method, we initialize U F
by considering every element in /{F as a disjoint set, i.e.
for every (e,r) € UF, r < e. Let (e1,71), (e2,72) € UF.
While executing Step 2 of our method, when two cam-cam
edges in Gy ¢, denoted by elements e; and e, are identified
to belong to the same set, then ro < 71. This means the
representative elements of e; and e, are assigned the same,
and hence, they belong to the same disjoint set in UF.
After Step 2 of our method is completed, we extract the
cam-pt edges in Gp 4 that correspond to the cam-cam edges



in Gy having the same representative element in UF.
Each of these disjoint sets of cam-pt edges forms a GPR
subgraph in Gp 4, which are used in Step 3 of our method.

Computational complexity of GPRBA: Let \ be the sub-
graphs obtained at the end of Step 2. Our method has
an average case computational complexity of O(z|Ey¢| +
z|Vp| + [N|?), with O(z|€vg| + 2|Vp|) for Step 1,
O(|€v¢]) for Step 2 and O(|N]?) for Step 3. The value
of z depends on the number of cam-cam edges and tracks
having less than two observations. In practice, for a dataset,
2z < |€vg|and IN|? < |Eve| < Vel

C. Additional Results

In Sec. 5 of the main paper, we provided camera transla-
tion errors with retriangulation on IMC 2022 [34] and vi-
sual reconstruction results with our HOF and GPRBA us-
ing GLOMAP [64]. Here, we present the translation errors
both without and with retriangulation on IMC 2022 [34] and
visual results on other datasets. We use the following no-
tations in this supplementary material, same as that of the
main paper:

e # N¢c: Number of cameras reconstructed.

* # Np: Number of 3D points reconstructed (in 103).

In Tab. S1, we provide reconstruction statistics both
without and with retriangulation in GLOMAP [64]. We
also provide camera translation errors after applying HOF
and GPRBA individually along with HOF+GPRBA for
completeness. However, we note that applying GPRBA
individually without HOF does not guarantee a GPR graph,
and is strongly discouraged. This is because hanging
observations are not supported by any cam-cam edge in
Gva, as discussed in practical considerations in Sec. 4.
Thus, they are not accounted in GPRBA, which relies on
cam-cam edges.

We observe that using GPRBA individually results
in similar number of cams and more 3D points without
retriangulation but similar number of 3D points with
retriangulation on most datasets, compared to only HOF
and HOF+GPRBA (Tab. 1 of the main paper). Overall, the
median translation errors with retriangulation are less with
HOF+GPRBA.

The retriangulation in GLOMAP is done in an in-
cremental manner, which initializes with the output of
without retriangulation phase. It also uses the matched
observations in cam-cam edges that were not used in
without retriangulation phase, due to which the impact of
a GPR bipartite BA graph is difficult to assess exclusively
from the results with retriangulation. So, we also provide
the translation errors without retriangulation in Tab. S1. It

can be seen that, without retriangulation, each of HOF and
GPRBA improves over GLOMAP, while HOF+GPRBA
performs overall best. This clearly shows that a GPR graph
improves camera translations.

In Figs. S2 and S3, we show reconstructions with retri-
angulation in GLOMAP [64]. It can be seen that misplaced
parts in the GLOMAP reconstructions are not removed by
applying our HOF. Applying our HOF + GPRBA results in
significantly clean reconstructions.

We also provide reconstruction results without retrian-
gulation in Figs. S4 and S5. It can be seen that applying
our HOF results in more reconstructed 3D points but has
misplaced reconstruction parts. Similar to results with re-
triangulation, applying our HOF + GPRBA gives signifi-
cantly clean reconstructions. We note that due to a small
number of reconstructed 3D points by GLOMAP without
retriangulation, misplaced parts are not clearly visible. As
noted in the main paper, GLOMAP only retains observa-
tions with a low reprojection error, which removes many
reconstructed 3D points. However, results with retriangu-
lation clearly indicate that cameras belonging to misplaced
parts are present in the reconstructions obtained without re-
triangulation, which can only be removed by applying our
HOF + GPRBA.



GLOMAP [64] HOF [Ours] HOF + GPRBA [Ours]
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Figure S2. Reconstruction results with retriangulation in GLOMAP [64]. Applying our HOF does not remove misplaced parts (in blue),
which are present in GLOMAP reconstructions. Our approach, HOF+GPRBA, designed to extract GPR subgraphs in BA, results in
significantly clean reconstructions by removing misplaced cameras and 3D points.



Dataset | GPRBA (individual) ‘ Median Translation Errors

| # Cameras | # 3D Points (in 10%) | w/o retriangulation (w/o retri.) ‘ w/ retriangulation (w/ retri.)

| | wioretri.  w/retri. | GLO. HOF GPRBA HOF+GPRBA | GLO. HOF GPRBA HOF+GPRBA
BDG 347 18 30 | 1.04 061 042 0.52 021 026 028 0.26
BRM 176 16 26 | 072 035 038 0.34 016 0.5 0.5 0.14
BKP 445 36 81 | 618 028 239 0.25 069 021 033 017
COE 498 61 98 | 344 086 085 0.81 060 041 042 0.40
LMS 214 9 17 0.59  0.05 0.18 0.16 0.04  0.03 0.19 0.05
NDF 901 101 158 | 061 014 014 0.18 0.04 011 009 0.04
PNE 320 41 61 0.44  0.13 0.19 0.13 0.08  0.06 0.07 0.05
PSM 68 14 23 0.85 090 0.83 0.30 0.33  0.20 0.22 0.22
SCR 281 29 44 | 509 012 125 0.12 023 012 011 0.16
SAF 90 33 41 0.16  0.06 0.07 0.06 0.07  0.07 0.07 0.07
SPC 142 19 33 0.40 0.24 0.30 0.28 0.30 0.16 0.29 0.27
TNJ 217 20 28 | 226 083  0.82 0.84 074 029 029 0.28
TRF 700 117 165 | 006 006 0.5 0.05 005 004 009 0.08

Table S1. Reconstruction statistics on IMC 2022 [34] before and after applying our HOF and GPRBA methods. Bold and underlined
camera translation errors are the best and second best camera translation errors in their respective category. A GPR bipartite BA graph with
HOF+GPRBA results in overall best camera translations.
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Figure S3. Reconstruction results with retriangulation in GLOMAP [64]. Similar observations can be made as in Fig. S2.
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Figure S4. Reconstruction results without retriangulation in GLOMAP [64]. Applying our HOF increases reconstructed 3D points signifi-
cantly but does not remove misplaced parts (blue ellipses) present in the reconstructions. Applying our HOF+GPRBA leads to significantly
cleaner reconstructions by removing misplaced cameras and 3D points.
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Figure S5. Additional reconstruction results without retriangulation in GLOMAP [64]. Similar observations can be made as in Fig. S4.



