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A Dual Ensemble Kalman Filter Approach to Robust Control of
Nonlinear Systems: An Application to Partial Differential Equations

Anant A. Joshi, Saviz Mowlavi, Mouhacine Benosman

Abstract— This paper considers the problem of data-driven
robust control design for nonlinear systems, for instance,
obtained when discretizing nonlinear partial differential equa-
tions (PDEs). A robust learning control approach is developed
for nonlinear affine in control systems based on Lyapunov
redesign technique. The robust control is developed as a sum
of an optimal learning control which stabilizes the system
in absence of disturbances, and an additive Lyapunov-based
robustification term which handles the effects of disturbances.
The dual ensemble Kalman filter (dual EnKF) algorithm
is utilized in the optimal control design methodology. A
simulation study is done on the heat equation and Burgers
partial differential equation.

I. INTRODUCTION

In this paper, we are primarily interested in the robust
control of nonlinear affine in control systems modelled as

#(t) = a(z(t)) + b(z(t))u(t) + d(t,z), =(0)=z¢ (1)

where z(t) € R™, u(t) € R™ and d(t, ) € R™ for all (¢, x),
and d is regarded as an unknown disturbance bounded in
norm by a known real valued function A\(¢, z). The emphasis
is on systems where we do not have explicit access to
a and b, but we can access trajectories of the system,
either generated by a simulator or collected from real-life
experiments. For simplicity, we focus in the remaining of
the paper on the case of simulated trajectories. Furthermore,
we target the application of our algorithms to the control of
PDEs, when their discretized model (1) is available as a
simulator.

Indeed, PDE control is challenging because a PDE is by
nature infinite dimensional and may have strong nonlinear-
ities. The reduce-then-design approach is a well researched
control methodology, which involves discretization of the
PDE followed by dimensionality reduction, which yields
a model amenable to the application of standard model
based control approaches [15], [17]. There is a recent
body of work using data driven methods for building more
accurate reduced order models of the PDE [11], [8] While
more accurate reduced order models are beneficial to the
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performance of the controller, their complexity makes them
computationally challenging to implement.

In this work, we focus more on the design of the
controller with emphasis on obtaining the control policy
with only simulator for the model, without access to the
actual model parameters. See for example [2], [4] for some
other recent efforts in obtaining data-driven controllers using
a simulator of the PDE. In particular, we work on the
stabilization problem, which aims to drive the PDE state
to zero, by posing it as an optimal control problem. The
first step is to discretize the PDE in space, to yield a
high-dimensional nonlinear system of ordinary differential
equations (ODEs). We consider two different cases for the
simulator availability:

1) a linear reduced order simulator, obtained using Dy-
namic Mode Decomposition with control (DMDc) [19]
is available.

2) an extension to the case where a simulator for the full
high-dimensional nonlinear discretized model of the
PDE is available.

We build on previous work in this area [19] by taking
a robust learning control approach. We construct the robust
control as a sum of two parts: an optimal learning controller,
which we expect to produce stabilization in the absence
of disturbances, and an additional term that builds on
the optimal control term and is based on the Lyapunov
redesign approach [9] to suppress the effect caused by
disturbances. The optimal control is approximated using
the dual ensemble Kalman filter (dual EnKF) algorithm [7],
which simulates multiple interacting copies of the system.

The ensemble Kalman filter (EnKF) [16] has historically
been an algorithm used for filtering, and is a key numer-
ical method especially for high-dimensional systems, for
example in weather prediction [3]. It features the design of
an interacting particle system to sample from the posterior
density of a filtering problem to provide a state estimate. The
dual EnKF algorithm, inspired from the EnKF, computes
the optimal control by converting the control problem into
the problem of sampling from an appropriate probability
density, through the log-transform duality between optimal
control and filtering [5]. Such an approach for solving
optimal control by posing it as a sampling problem is well
studied [12]. The novelty of the dual EnKF lies in the
design of an interacting particle system, inspired from the
EnKE, to solve the sampling problem. The dual EnKF-based
control exhibits a distinct advantage in its performance on



systems of high dimension — a trait inherited from the EnKF.
It performs almost two orders of magnitude faster when
compared with policy gradient type approaches [14] as was
computationally demonstrated in [7].

The paper is organized as follows. In Section II we
introduce and solve the problem for the case when the
system is linear time invariant (LTI) to clarify the main
ideas. Then we present the extension to the nonlinear affine
in control case in Section III. Finally, in Section IV we
present an application to the stabilization of PDEs, with the
heat equation and Burgers’ equation as examples.

Notation: |- | denotes the Euclidean norm, " denotes the
transpose of a matrix, and Z refers to the identity matrix.

II. SOLUTION FOR LINEAR REDUCED ORDER
SIMULATOR

Consider the simplified case when (1) is a linear time
invariant (LTI) system:

#(t) = Ax(t) + Bu(t) + d(t, ) (2)

where as earlier, (t) € R", u(t) € R™ and d(t, ) € R! for
all (t,x), and d is regarded as a disturbance. From here on
we may suppress the ¢ argument to improve readability. We
construct the robust control as a sum of a stabilizing control
and an additional robustification term. We first present a
recipe to obtain the stabilizing control, and then to obtain
the robust control, and lastly a simulator based method to
obtain the two.

A. Stabilizing control

Consider, for any arbitrary but fixed 7" > 0, the optimal
control problem

1 /T
m(ir)1 <x(T)TGa§(T) + 5/ |Cx(t) > 4+ u(t) " Ru(t) dt)
e 0

=:L(2(t),u(t))

(3a)
s.t. system (2) with zero disturbance, that is, d = 0 (3b)

where C € R™*" (for arbitrary n; > 0), G € R"*™ and
R € R™*™ and define Q := C'C.

Assumption 1: We make the following assumptions
about the structure of the optimal control problem (3)

(i) (A, B) is controllable and (A, C) is observable

(i) R,G =0
Then there exists a positive definite solution {P(t) : t €
[0,T7} to the differential Riccati equation (DRE) [10, Chap-

ter 3]:
—P=A"P+PA—-PBR'B'"P+Q, Pr=G

which converges to P = 0 as T' — oo and P solves the
algebraic Riccati equation (ARE)

0=A"P+PA—-PBR'B"P+Q.

Moreover, the control u = —Kx with K := R"'BTP
makes the system asymptotically stable [10, Theorem 3.7].

B. Robust control

Suppose that for the system (2) in the case of no dis-
turbance, there exists a stabilizing control v = — Kz and a
strictly positive definite Lyapunov function V(z) = 3z ' Px
with V = —2T P(A — BK)z < 0 along the controlled
trajectories with zero disturbance. We let K be the gain
obtained from the optimal control demonstrated previously
and P be the solution of the ARE.

We are interested in the idea of disturbance rejection
using Lyapunov redesign [9, Chapter 14]. The idea is to
design a robust control uy such that the controller u =
— K +ug makes the system (1) asymptotically stable in the
presence of disturbance. To that end, we make the following
assumption, and then present a design methodology for u,.

Assumption 2: (i) The rank of B is n.

(ii) There exists a known A such that 0 < |d(¢,z)| <
A(t,z) < oo for each (t,z) € [0,00) x R™.

Remark 1: Assumption 2-(i) is required to motivate the
theoretical derivation for the linear system, but we relax it
in our implementations for PDE control.

Consider the controller ©u = —Kx + ug with

A(t, )

- B'Pz, BY:=(B'B)'BT,
|Pz|

Uq ‘=

where Bt denotes the Moore-Penrose pseudoinverse. The
following result demonstrates the effectiveness of the robust
control.

Proposition 1: Using the control u = — Kz 4 u, renders
the system (1) asymptotically stable.

Remark 2: When implementing u4 we add a regularizing
parameter to avoid division by zero, which makes the system
asymptotically stable till it enters a ball around the origin,
i.e., practical stability.

C. Data-driven (Simulator-based) implementation

In this section, we present a method to implement the
control © = —Kx + ug with only access to a disturbance-
free system simulator of (1). We use the dual ensemble
Kalman filter (dual EnKF) algorithm [7] for the same. To
use the algorithm, we need the following assumptions:

Assumption 3: We have access to the following:

(i) Knowledge of optimal control matrices @), R, G.

(i) Simulator of the dynamical system with no distur-
bance, that is, we have access to function evaluations
of §(x,u) := Az + Bu. Moreover, we assume we can
run the simulator backward in time, that is, to find
a trajectory of the system by specifying the terminal
condition.

Remark 3: With access to a perfect simulator, one may
exactly find the model matrices A and B in n + m evalua-
tions of the simulator (set v = 0 and evaluate the simulator
at the basis vectors of R"™ to find A and equivalently for B).
However, the utility of the simulator is revealed when we
consider the nonlinear case, especially for high-dimensional
systems like partial differential equations, where estimating
the state dynamics in this manner is not possible.



The emphasis is on obtaining the controller in a model-
free way. The following three steps are done (which are
elaborated upon after listing them):

1) Find an approximation to P, the solution of the ARE,
using the dual EnKF algorithm [7]. See [6, Appendix
I-A] for details

2) Find an approximation @"¥) for @ := — Kz using [7,
Algorithm 2] (recalled in [6, Appendix I-C])

3) Find an approximation u,; ’ for u4 using Algorithm 1

Step 1: Using the simulator, we find P(), an approxi-
mation to the solution of the ARE P by running the dual
EnKF algorithm of [7], which simulates N copies of the
dynamical system along with a mean-field coupling term
to approximate the solution of the ARE. The algorithm is
provided in [6, Appendix I-A].

Step 2: To help evaluate the optimal control in a model-
free way, define the Hamiltonian,

H(z,u) == (PNMz)T (Az + Bu) + %(:JQ;U +u' Ru)
= (PWMz)TS(x,u) + %E(m, w) ())

The Hamiltonian is constructed so that it can be evaluated
using function calls of S. For a fixed z, it is a quadratic
function of v with the unique minima at the optimal control.
Therefore, @ = arg min,, H(z,«) and the minimization can
be carried out using gradient estimation as shown in [7,
Algorithm 2] (recalled in [6, Appendix I-C]) or using zero-
order methods, such as [1].

Step 3: Similarly, to find ug; we solve uy =
—Aargmin, |[Bu— Igi\ | in Algorithm 1. If B is known, one
may directly use the Moore-Penrose pseudo inverse. If B is
unknown, one may use zero order optimization methods [1]
where Bu = S(0,u) can be obtained using only access to
simulator or one may estimate B as specified in Remark 3
and use the pseudo inverse. Using zero order optimization
is preferred over estimating B in cases when the simulator
is very high dimensional.

Algorithm 1 Algorithm to find ug
Input: System state x, regularizing parameter r, robust gain
A, P(Y)
1 := max(|PMz|, r)
if B is known then

Bt :=(B"B)"'BT

o) = rleTP(N)x
else if B is unknown then
o) = argmin, |S(0,v) —

end if
return vV := — Ao

PNy
T1

A A R o e

III. EXTENSION FOR NONLINEAR DISCRETIZED MODEL
OF THE PDE

Let us consider now the main result of this paper, dealing
with the case of the nonlinear affine in control system

(1). We will extend the robust control design methodology
presented in Section II to (1). Similar to the previous
section, we will obtain the robust control as a sum of
a stabilizing control and a robustification term, and then
present a simulator based methodology to obtain both terms.

A. Stabilizing control

In an effort to find a stabilizing control u, we consider, for
any arbitrary but fixed 7' > 0, the optimal control problem

1 /7
m(i])a (g(:v(T)) + 5/ c(x(t)) +u(t) " Ru(t) dt) (5a)
u(- 0

=:L(@(t),u(t))
s.t. system (1) with zero disturbance, that is, d = 0 (5b)

where ¢, G are non-negative real valued function, and R €
R™*™ js symmetric and strictly positive definite. The value
function for the problem is defined as the cost-to-go,

T
os.0) = min (Ga(T) + 3 [ £t u(t)at)
s.t. system (1) with X; =z and d =0

and it satisfies the Hamilton Jacobi Bellman partial differen-
tial equation. The optimal control is computed as @(t,z) =
—R7'(z) TV (L, z) [13].

B. Robust control

Assumption 4: (i) There exists a control law % which
makes (1) with zero disturbance asymptotically stable.
Moreover, there exists a strictly positive definite Lya-
punov function V with V < 0 along the controlled
trajectories with zero disturbance.

(ii) The rank of b(x) is n for all x € R™.

(iii) There exists a known A such that 0 < |d(t,z)| <
A(t,z) < oo for each (¢, z) € [0,00) x R™.

Remark 4: Assumption 4-(ii) is required for the the-
oretical result, but will be relaxed in the PDE control
implementation.

Similar to the linear case, consider the controller v =
U + ug with

A
Vv
Proposition 2: Using the control u = 4 + u4 renders the

system (1) asymptotically stable.

Ug = VIV, b= (0"b)" .

C. Data-driven (Simulator-based) implementation

To approximate @ and ug we use an approach similar
in spirit to Section II. First, we use the nonlinear dual
EnKF algorithm [7] to approximate the gradient of value
function V(™) (z). Implementation details can be found in
[6, Appendix I-B]. Then we define the nonlinear counterpart
of the Hamiltonian

Mz, ) = (Vo(x) ™) T S(a,u) + %E(w,u) ©)

where the simulator is now nonlinear, that is, S(z,u) =
a(x)+b(z)u. The Hamiltonian can again be evaluated using



function calls of the simulator. Moreover, it is quadratic in
the control, and can be minimized using [7, Algorithm 2]
(recalled in [6, Appendix I-C]), or zero order optimization
approaches [1]. Similar to the linear control case, to find
ug we use ug = —Aargmin,, |[b(z)u — ‘g“;gim as given
in Algorithm 1 (replacing Pz by VV (V) (z)) where if
b is not known, the optimization can be done by zero-order
approaches [1] or by estimating b similar to Remark 3.

IV. APPLICATION TO FORCED NONLINEAR PDES

We consider PDEs of the form

0z
where F is a differential operator that specifies the structure
of the PDE, z is the state of the PDE and w is the
external input. The functions z,w : Ry x [0,L] — R.

Mathematically, the goal of stabilization is to make

L
. . N B 2 _
Jim [t o= Jim [Py =0 )

For numerical implementation, we consider a time interval
of [0,T] and discretize the PDE in space on a grid of p
uniformly-spaced points in [0, L] to obtain z,(t) € R? for
each t > 0, so that the PDE is reduced to a set of p ODEs.
We choose m basis functions {x;}7.; to discretize the
control as w(x,t) = >71, x;(x)U;(t) where x; : [0, L] —
R is the indicator function of [Z=1, L] and U; : [0,7] — R.
Then U := (U, Us,...,U,,) is interpreted as the control.
The discretized PDE has nonlinear affine in control form,

d
g + F(z,) = BU )

where F' approximates the derivatives and B obtained by
discretizing {x;}}.;. To study the effect of disturbances,
we let U(t) = u(t) + d(t) where u(t) is the control action
applied to the system and Bd(t) is the effective disturbance
acting on the system. We consider here disturbances added
directly to the control, which is a special case of the
theory presented earlier. In the simulations, we consider
only time varying disturbances, so we denote disturbance
as d(t). We use the Controlgym library in Python [18]
for numerical implementation. Now we first recall the heat
equation and Burgers equations, give some information
about the implementation of both PDEs, then go on to
discuss the simulation results.

A. Heat equation

The heat equation is given by

0z 0%z
E(Ly) - Vain(tﬂl/) - w<t7y)'

The value of v = 0.002 is used. Since the PDE is linear,
upon discretization, (8) reduces to an LTI system, hence we
use the robust control method design discussed in Section
II to implement the robust control. The dimension of the
control used is m = 10, while the dimension of the
state is n = 100, thus relaxing Assumption 2-(i) in the

d(t) = dysin(t), v =0.002

d(t) = dy, v =0.002

0.2

A

(a)

d(t) = dysin(t), v =0.002

d(t) = dy, v =0.002

— uncontrolled

—— optimal control

robust control

-1
/ 3x 10
/
/
/ +107}
/
/

0.00 0.02 0.04 0.06 0.08 0.10
Time(s)

(b)

Fig. 1: Results for control of heat equation. (a) Mean of
% over 100 different simulations (b) Mean and

’ L
variance of ||z(t,-)| 2 for dg = 0.1, A = 0.2.

implementation. Other simulations details can be obtained
in [6, Appendix II-A].

B. Burgers’ equation

Recall the Burgers’ equation,

0z 0z 0%z

a(ta?» + Z(t,y)@(t,y) - Vaiyz(tvy) = W(t,y).

We present two sets of results to demonstrate the per-
formance of the robust control algorithm developed in the
paper when applied to the Burgers equation. In the first set
of results, we calculate the robust control using a simulator
of the linear reduced order model of the PDE, and in the
second set of results, the robust control is calculated using
a simulator of the full nonlinear discretized PDE. In both
results, the obtained control is tested by applying it on the
full nonlinear discretized PDE. We study both sets of results
for two values of viscosity, v = 0.02,0.002.

Control design using linear reduced model: We perform a
model reduction on the Burgers’ equation to obtain a linear



system using the Dynamic Mode Decomposition for control
(DMDc) algorithm [19]. The DMDc yields a projection
matrix & € R™*P with orthogonal rows, where n is the
dimension of the reduced state (usually n < p), and an LTI
system

i = Ax + Bu 9

where € R” is the reduced state and satisfies the relation
xr = Pz,, and u € R™ where as described, n and m
are chosen by the user. The discretized PDE state can
be reconstructed as z, = ®'z. DMDc yields a discrete-
time system, but we transform it into its continuous-time
equivalent, since we design control in the continuous time
domain.

Using a simulator for the obtained linear system (9),
we get an approximation to the optimal stabilizing LQ
controller, with the linear EnKF methodology described
in Section II. That is, we choose optimal control weights
Q. R, G (as described in (3)) and find P?Y) for the LTI
system (9). The stabilizing control is calculated as u =
—R™'B" Pz where = = ®z,. We use the robust control
methodology described in Section II to design ug.
Control design using full nonlinear model: Using a simu-
lator for the full nonlinear PDE (8), we obtain a stabilizing
control @ and robust controller v, with the nonlinear dual
EnKF methodology discussed in Section III. We choose
c(z) = |z|*> and G(x) = |z|? in (5). The dimension
of the state used is p = 128 and the dimension of the
control is m = 10, thus relaxing Assumption 4-(ii) in the
implementation.

C. Discussion of results

We study the effect of two types of disturbances, sinu-
soidal with d(t) := dosin(¢) and constant d(t) := dy. The
A function is chosen as a constant function. The obtained
control is applied to the full discretized nonlinear PDE (8).
Both PDEs are initialized for 100 randomly sampled iid
initial conditions (inspired from the previous work [19]):

z(0,x) = arsech (; (x 21L>> , L=1,

a ~unif(0.9,1.1), B ~ unif(0.04, 0.06).

The 100 trajectories are simulated for the case of zero
control (that means @ = ug = 0), and then with the robust
control given by various values of A (the stabilizing control
u is obtained from the dual EnKF). These simulations
are repeated for various values of A, dy, both types of
disturbances mentioned, and the values of v mentioned.
Recall that the control objective (7) in finite time is to
drive ||2(T,-)|| 2 as close to zero as possible. To illustrate
the performance of the controllers we make two plots for
both PDEs. The first plot is a heat map depicting the
mean value (over the 100 simulations) of % — the
ratio is plotted to highlight the order of maignftude by
which ||z(T,-)||z2 has reduced relative to its initial value
||z(0, )| 2. Moreover, in a second plot, we plot the mean

and variance (over the 100 simulations) of ||z(¢,-)||z2 as a
function of ¢ for dp = 0.1 and A = 0.2. The trajectory is
generated using three different control policies — “uncon-
trolled” trajectories are when the control is zero, “optimal
controlled” trajectories have A = 0 (that is, only the optimal
stabilizing control is applied and robust control is zero)
and “robust controlled” trajectories are with A = 0.2. The
plots for heat equation, Burgers with DMDc and Burgers
with full nonlinear model are found in Figures 1, 2, and
3, respectively. Other simulations details can be obtained in
[6, Appendix II-B].

For both PDEs, we observe that in the presence of dis-
turbances, the robust control works better than the optimal
control (control with A = 0) in stabilizing the PDE. For
the Burgers’ equation in particular, the trajectories with
robust control exhibit an order of magnitude lower value
of [|z(T,)||p2 compared to those with only the optimal
control. Additionally, for the Burgers’ equation, we also
observe that the optimal control obtained using the full
nonlinear model is significantly more effective than using
the reduced-order DMDc model — the controlled state settles
much faster and closer to zero with the former than the latter.
However, while the transient performance of the robust
control is much better using the full nonlinear model, the
settling performance is similar using both DMDc and the
full nonlinear model. Thus the robust control term also
compensates for model mismatch between DMDc and the
full nonlinear model. The conclusions presented are true for
all values of A chosen, both types of disturbances, and both
values of viscosity.

V. FUTURE WORK

Some avenues for future work are: (i) to extend this
approach to different PDEs such as the Allen-Cahn equation
or the Korteweg deVries equation, (ii) to design a controller
using information from sensors, thus turning a full state
feedback problem into a partially observed problem (iii) to
extend to the case when d is Gaussian white noise.
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