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We study the problem of computing robust controllable sets for discrete-time linear systems with additive uncertainty. We
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compact subtrahend. We obtain these approximations using two novel canonical representations for full-dimensional constrained
zonotopes. Unlike existing approaches, our approach does not rely on convex optimization solvers, and is projection-free for
ellipsoidal and zonotopic uncertainty sets. We also propose a least-squares-based approach to compute a convex, polyhedral
outer-approximation to constrained zonotopes, and characterize sufficient conditions under which all these approximations are
exact. We demonstrate the computational efficiency and scalability of our approach in several case studies, including the design
of abort-safe rendezvous trajectories for a spacecraft in near-rectilinear halo orbit under uncertainty. Our approach can inner-
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1 Introduction pose novel theory and algorithms for efficient and scal-
able computation of inner- and outer-approrimations of
RC sets, that admit closed-form description of the sets
involved and can be computed without relying on convex
optimization solvers in several cases.

Robust controllable (RC) sets characterize a set of states
from which a collection of possibly time-varying state
constraints can be satisfied by a controlled state trajec-
tory, under bounded control authority and uncertainty.
RC sets are essential for robust model predictive con-
trol [1-4], fault-tolerant control [5-8], and verification
of dynamical systems [9-12], and have been used in
a broad range of applications in space [10-13], trans-
portation [14], and robotics [15, 16]. For discrete-time
linear systems with additive uncertainty and bounded,
polytopic state and input constraints, exact RC sets
are known to be polytopes, and the RC sets may be
computed using set computations on polytopes. How-
ever, polytope-based RC set computation involves pro-
jection that has a combinatorial computational com-
plexity and causes numerical issues for high-dimensional
systems and/or over long horizons [3,16-18]. In this pa-
per, we focus in addressing these shortcomings, and pro-

We are motivated by the problem of designing active,
abort-safe, spacecraft rendezvous trajectories with the
Lunar gateway [19]. In abort-safe rendezvous, we seek
rendezvous trajectories that nominally steer the control-
constrained spacecraft towards the rendezvous target,
while allowing for the possibility of diverting away from
the rendezvous target in the event of failure. Often, fail-
ures in space applications are characterized by partial or
complete loss of actuation, and increased actuation and
navigational uncertainties that may appear as additive
uncertainties in the dynamics. For designing such ren-
dezvous trajectories, we use RC sets to characterize a
set of state constraints that a nominal trajectory should
satisfy, where the RC sets encode the desirable property
of safe abort under limited available actuation and un-
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We will use constrained zonotopes, a recently proposed
alternative description to polytopes [5,6,9,20], to achieve
tractable approximation of RC sets. In the disturbance-
free setting, constrained zonotopes provide closed-form
expressions for all set operations used in the exact com-
putation of the controllable set [5]. However, an exact
computation of RC sets using constrained zonotopes is
hindered by the fact that there are no tractable ap-
proaches to compute the exact Pontryagin difference
with a constrained zonotopic minuend [6,9].

Recently, [9] described an optimization-based two-stage
approach to inner-approximate the Pontryagin differ-
ence between a constrained zonotope and a zonotope,
which allows for computing inner-approximations of RC
sets when the additive disturbance set is a zonotope.
However, it is unclear how such an approach extends
to ellipsoidal uncertainty (a more common setting in
control), and the reliance of optimization hinders fast
computation of RC sets for high-dimensional systems.
In this paper, we propose least-squares-based algorithms
to generate constrained zonotopes that inner- and outer-
approximate the Pontryagin difference between a con-
strained zonotopic minuend and a symmetric, convex,
and compact subtrahend. Our approaches also admit
closed-form expressions for the approximations when
using a full-dimensional minuend, and an ellipsoidal or
zonotopic subtrahend. Then, we use these algorithms for
fast and scalable computation of RC sets for an additive
uncertainty set that is symmetric, convex, and compact.

The main contributions of this paper are as follows:
1) a tractable inner- and outer-approximation of the
Pontryagin difference between a constrained zonotopic
minuend and a symmetric, convex, and compact sub-
trahend, 2) an inner- and outer-approximation of the
RC sets using the proposed approximations to the
Pontryagin difference, 3) a closed-form description
of a polyhedral outer-approximation of a constrained
zonotope, and 4) sufficient conditions under which the
approximations proposed above are exact. We pro-
pose two canonical representations for full-dimensional
constrained zonotopes, which facilitate the use of the
least-squares method as the primary tool for all of our
approaches. Efficient implementations for the least-
squares method are well-known [21]. Unlike [9], the
proposed approximations to the Pontryagin difference
admit closed-form expressions when the subtrahend is
an ellipsoid, a zonotope, or a convex hull of a collection
of symmetric intervals. These features together enable
an inner-approximation of a 20-step RC set for a 100-
dimensional linear system in less than 15 seconds on a
standard computer.

The rest of this paper is organized as follows: Sec. 2 pro-
vides the necessary mathematical background and states
the problem statements of interest. Sec. 3 and 4 describe
the proposed approaches to approximate the Pontrya-
gin difference between a constrained zonotopic minu-

end and a symmetric, convex, and compact subtrahend.
Sec. 5 applies these approaches to the computation of
RC sets, and Sec. 6 presents several case studies that
demonstrate the utility and scalability of the proposed
approach. Sec. 7 applies the method to the (simplified)
motivating problem of active abort-safe rendezvous with
the Lunar gateway. Sec. 8 summarizes the paper.

2 Preliminaries

0,5m and 1,,x,, are matrices of zeros and ones in R™**"

respectively, I, is the n-dimensional identity matrix,
Niq:) is the subset of natural numbers between (and in-
cluding) a,b € N, a < b, [a,b] ={z € R|a <z <b}, ¢
is the standard axis vectors of R", and [| - ||, is the £,-
norm of a vector. Let M be a matrix and My (Ms, resp.)
be another matrix of the same height (width, resp.) as
M. Then, [M, M;] ([M; My], resp.) denotes the matrix
obtained by concatenating M and M; horizontally (con-
catenating M and My vertically, resp.). For a matrix

M € R™™ with full row rank, Mt = MT(MMT)™"

denotes its (right) pseudoinverse, and 2 = MTv solves
the system of linear equation Mz = v for any vector
v € R™ [21, Sec. 11.5]. Given d € R", diag(d) is a n-
dimensional diagonal matrix with diagonal entries d;.

A set S C R is said to be symmetric about any ¢ € R™,
if c+ 2 € S implies ¢ — x € S for any x € R™. For any
set S C R™, we denote its conver hull and affine hull
by CH (S) and AH (S) respectively. Recall that AH (S)
is an affine set such that S C A = AH(S) C A for
any affine set A. The affine dimension of a set S is the
dimension of the subspace associated with AH (S). A
full-dimensional set in R™ is a non-empty set with an
affine dimension of n. See [22, Sec. 2.1] for more details.

2.1 Set representations

Let C be a convex and compact polytope in R™. We
consider two representations of C — H-Rep polytope (1a)
and constrained zonotope (1b),

C={z| Hox < kc}, (1a)
C={Gos+col| ¢l <1 A€ =bc},  (1b)

with He € RLCX", ko € RLC, Ge € RRXNC, cc € R”,
Ac € RMoxNe and be € RMe . Here, (1a) is the inter-
section of L¢ halfspaces and (1b) is an affine transfor-
mation of By (Ac,be), C = cc + GeBs (Ao, be) with

Boo(Ac,be) & {61 1€l <1, AcE =bc}. (2)

In (2), Bo(Ac,be) is the intersection of a unit-
hypercube in RN¢ and M linear equalities. By defini-
tion, C # () if and only if B (Ac, be) # 0. Other respre-
sentations of C, apart from (1), include vertex represen-
tation (V-Rep polytope) [3] and AH-polytopes [23]. We



refer to unbounded H-Rep polytopes as convex polyhe-
dra, and use C = (G¢, co, Ac, be) to denote a polytope
C in constrained zonotope representation (1b).

The equivalence of the representations in (1) was estab-
lished in [5, Thm. 1]. Additionally, [5, Thm. 1] provides
a systematic approach to convert H-Rep polytopes (1a)
to constrained zonotopes (1b). However, an exact con-
version of (1b) to (1a) is known to be computationally
demanding, with existing approaches applicable only for
low-dimensional constrained zonotopes [5, Prop. 3].

The representations (1) are not unique. For H-Rep poly-
topes, a canonical reduction (up to a permutation of
rows) is available using linear programming [3,24]. How-
ever, no such canonical reduction is available for con-
strained zonotopes, to the best of our knowledge. On the
other hand, several exact and approximate techniques
are available to reduce the representation complexity of
a given constrained zonotope [5, 6, 25].

Definition 1. (REPRESENTATION COMPLEXITY) [5/
Let Oc = (N¢ — Mc) /n be the degrees-of-freedom order
of a constrained zonotope C = (G¢,cc,Ac,be). Then,
the representation complexity of C is € (C) = (M¢, O¢).

Zonotopes Z, ellipsoids £, and convex unions of sym-
metric intervals Z are affine transformations of unit balls
defined using ¢ .-norms, s-norms, and ¢;-norms respec-
tively. Formally, we define Z,&,7 C R"™ as follows,

Z2{Gz&+cz | |8l <1}, (3a)
E2{GpE+cp|llEl, <1}, (3b)
TEA{Grs+er|llEl, <1}, (3¢)

with Gz € RRXNZ, Gg € RY™™", G € R"XNI, and
cz,cg,cr € R™ The sets Z,&,7 are symmetric about
¢z, cp,cr. We denote these sets using (G, ¢).

For a convex and compact set S C R", its support func-
tion p : R™ — R and support vector ¢ : R™ — R™ are

Ds(v) 2 argsup,es v7s, and ps(v) 2 v Ws(v). (4)

Using dual norms [22, Sec. A.1.6] and properties of sup-
port function [26, Prop. 2], we have closed-form expres-
sions for the support function of zonotopes Z, ellipsoids
&, and convex unions of symmetric intervals Z,

pr(v) = v er + |G V|, (5a)
pe(v) =vicp +|Gpvl,, (5b)
pz(v) =v'ez +|Govl,. (5¢)

2.2 Set operations

For any sets C,§ C R™ and W C R™, and a matrix
R € R™*™ we define the set operations (affine map,

Minkowski sum @, intersection with inverse affine map
Ng, and Pontryagin difference ©):

RC 2 {Ru|u€C}, (6a)
CoS&{utv|uel, ves}, (6b)
CNpW={ueC|RuecW, (6¢)
CoS2{u|WYweS,utvel} (6d)

Since CNS =C Ny, S, (6¢) also includes the standard

intersection. For any = € R", we use C + x and C — x to
denote C @ {z} and C @ {—x} respectively for brevity.

Constrained zonotopes admit closed-form expressions
for various set operations described in (6). From [5, 6],

RC = (RGc,RCC,Ac,bc), (7a)
CopsS= ([Gc, Gs], cc + cg, [Ac,o; O,AS],
[bc;bs]) (7b)
CnpW = ([Ge,0],cc, [Ac, 0;0, Aw; RGeo, —Gw],
[besbws ew — Recl), (7c)

CNH = ([Ge,0],cc,[Ac,0:p" oy dm /2],
lbo; (q+p cc —llp"Gell)/2]),  (7d)

where H = {z | p"x < ¢} C R™is an halfspace, and (7d)
also enables an exact computation of the intersection of
a constrained zonotope and a convex polyhedron.

To the best of our knowledge, the Pontryagin difference
(6d) involving a constrained zonotopic minuend does
not have a closed-form expression, similar to (7) [6,9].
In fact, given a constrained zonotope C and a zonotope
Z, it is impossible to find a polynomial-size constrained
zonotope C & Z in polynomial-time, unless P=NP [9,
Prop. 1]. On the other hand, given a H-Rep polytope
P ={x | Hpx < kp} and a convex and compact subtra-
hend S, a H-Rep polytope P & S is available in closed-
form,

PoS={z|Hpz <kp—[ps(h1); ...;ps(hr,)l}, (8)
with Hp = [h{;hg;...;hf_] [27, Thm. 2.3]. A direct
use of (8) to compute a constrained zonotope C & S for
a constrained zonotope minuend C is prevented by the
difficulty in converting (1b) to (1a).

Recently, [9] proposed a two-stage approach to inner-
approximate C © S between a constrained zono-
topic minuend C and a zonotopic subtrahend S with

Gg = gg), el ggNS )] The two-stage approach first
solves a linear program with 2N Ng variables,
minimize SumAbs(T")
s. t. [Ge; Ac)l = [Gs; Onoxng),  (9)

Vi € N[lch], Z;V:SI |F”| < 1,



where SumAbs(I") £ vazcl Zj\fjl IT';;]. Let the optimal
solution to (9) be I'*, if it exists, and the second stage
defines a diagonal matrix D € RNe*XN¢ with

Ng
Dii=1— /T, =1=> T} (10)

Jj=1

for each i € Np.n.). Then, a constrained zonotopic
inner-approximation of C & S is

M~ 2(GeD,co —cs,AcD,bo) CCeS. (11)

Here, €(M~) = %(C), which is desirable when using
(11) in set recursions involving the Pontryagin differ-
ence. However, solving (9) repeatedly can become com-
putationally expensive for large N¢o, Ng. Also, it is un-
clear if such an approach extends to subtrahends beyond
zonotopes, since it uses polytopic containment results
from [23]. We address these shortcomings in this paper.
Problem 1. Let C be a constrained zonotope and S be a
convex and compact set that is symmetric about cg € R™.
Characterize constrained zonotopes M™, MT C R™ with

M- CMECESCMT, (12)

where M~ is given in closed-form and €(M~) = €(C).
Also, provide sufficient conditions for M~ = M = MT.

Our approach to address Prob. 1 follows a similar two-
stage approach to that in [9] to obtain (11). However,
unlike [9], we provide closed-form expressions for I and
D used in (10) and (11) for a broader class of subtra-
hends that includes ellipsoids and convex unions of sym-
metric intervals. We also propose a constrained zono-
topic outer-approximation to M, and provide sufficient
conditions under which these approximations are exact.
The proposed outer-approximation relies on solving the
following problem.

Problem 2. Given a constrained zonotope C, design
an algorithm to compute an outer-approximating convex
polyhedron P (i.e, P D C) in the form of (la) that has
at most 2N¢ linear constraints. Also, provide sufficient
conditions under which C = P.

We will also briefly discuss the relationship between the
proposed approach and the two-stage approach in [9)].

2.8 Robust controllable set

Consider a linear time-varying system,
$t+1 = Atxt + Btut —|— Ftwt, (13)
with state z; € R", input u; € Uy C R™, disturbance

wy € Wy C RP | and appropriately defined time-varying
matrices A;, B, and Fy.

Definition 2. (T-STEP RC SET) /3, Defn. 10.18] Given
(13), a set of (possibly time-varying) state constraints
{Xt}tT;()l with Xy C R™ for eacht, and a goal set G C R™,
the T-step robust controllable (RC) set is

Vt € N[O:T—l]a Jus € Uy, Ywy € Wy,

K=<z € Xy Tiy1 = Asxy + Byuy + Frwy,

thXt, l‘Teg

Informally, the T-step RC set I C R™ is the set of initial
states that, despite the additive disturbance w; € W,
can be steered using u; € U; to reach the goal set G at
time step 7', while staying within the state constraints
X; at all intermediate time steps ¢t € Njg.p_1). The T-
step RC set is also known as robust reachability of target
tube [4], backward reachable set [9], or backward reach-
avoid set [10]. The following set recursion yields K = Ko,

Kt = Pre(Ki41) N Xy, Vit € N[O:Tfl]v (14a)
Pre(,ct+1) é {CE | At.T € (’Ct+1 S FtWt) ® (_Btut)}u (14b)

with K7 £ G. Observe that (14) uses all set operations
in (6). For H-Rep/V-Rep polytopes X, G, U, and W, we
can compute RC sets using existing results [3, 10, 24].
However, when using H-Rep/V-Rep polytopes for high-
dimensional systems (13) or over long horizons T, we face
numerical challenges when implementing (14), since it
requires a combination of Minkowski sum and intersec-
tion operations. See [3,16-18] for a detailed discussion.

On the other hand, constrained zonotopes provide a
tractable, exact solution when W = ) using (7) [5,6,9].
Also, for a zonotopic W, [9] uses the two-stage approach
reviewed in Sec. 2.2 to propose an inner-approximation
of K. In this paper, we use our solution to Prob. 1 to
inner-approximate K for a broader class of sets W.
Problem 3. Compute a constrained zonotope K~ that
inner-approximates IKC defined in Defn. 2, where for every
t € Nyg.p_1), Uy and G are polytopes, Wy are symmetric,
convezx, and compact sets, and either 1) X; are convex
polyhedra and Ay are invertible, or 2) X; are polytopes.
Additionally, characterize the representation complexity
of K~ in both cases.

In both settings considered, the exact RC sets are known
to be polytopes [3], and hence are representable via con-
strained zonotopes. We also use the proposed outer-
approximation to the Pontryagin difference to outer-
approximate K; when using (14).

3 Inner-approximation of Pontryagin difference

Given a constrained zonotopic minuend C C R™ and a
symmetric, convex, and compact subtrahend & C R",



Subtrahend S ‘ Definition of the diagonal matrix D = diagieN[H\,C

](D“-) ‘ Result ‘

Convex union of symmetric intervals S (3c)

Convex and compact S, symmetric about cs € R” | Dy =1 — ps, (€] [Ges Ac] [ In; Onre xn]) for So £ S —cs | Prop. 2
Zonotope S (3a) | Di =1—|l¢; [Ge; Ac]T[Gs; 0me xns] ||,
Ellipsoid 8 (3b) | Dii =1 — |le/ [Go; Ac]'[Gs; Onexnl ||, Corr. 1
[

Dyy=1- Hez— Gc;AC]T[Gs;OMcst]HOo

Table 1

Summary of the closed-form expressions for the diagonal matrix D = diagieN[1 ~ ](D“-) for various subtrahends S that is
No

symmetric about cg € R", and the corresponding result in the paper. Given a full-dimensional constrained zonotopic minuend
C = (G¢,cc,Ac,be), we propose a constrained zonotope M~ = (Ge D, cc — cs, Ac D, be) that satisfies M~ C M =CSS.

Algorithm 1 Compute MINROW representation

Algorithm 2 Compute INVERTIBLE representation

Input: Constrained zonotope (G¢,cc,Ac,bo) that
represents a full-dimensional polytope
Output: MINROW representation (G, ¢, Ap, b)
1: Set G + G and ¢, + cc.
2: Get Ay, b from rows of [A¢, bc] where [Af, bi-] has
full row rank and rank([A¢, by]) = rank([Ac, be]).

we characterize a constrained zonotope M~ C R" where
M- CM=ECSS. (15)

Specifically, we provide closed-form expressions for a di-
agonal matrix D € RNe*Ne yging the properties of C
and S, and define M~ = (G-, cpr-, Apr—, bag-) with

G- = GeD,
Ay = AcD,

Cp— = Co — Cs, (16a)
bM* = bC7 (16b)

for a specific cg € S, similarly to (11). The representa-
tion complexity of M~ is €¥(M™) = (M¢, Oc) = €(C).

In this section, we propose two constrained zonotope
representations that allow us to address Prob. 1, and re-
late our approach with the two-stage approach in [9] for
zonotopic subtrahends. Table 1 summarizes the compu-
tation of D for various types of sets.

3.1  Full-dimensional constrained zonotopes

We study two constrained zonotope representations that
are guaranteed to exist for full-dimensional polytopes.
Definition 3. (MINROW REPRESENTATION) A con-
strained zonotope C = (G¢,cc, Ac,be) is a MINROw
representation when [Go; Ac] has full row rank.
Definition 4. (INVERTIBLE REPRESENTATION) A
MINROW representation C is an INVERTIBLE represen-
tation whenn + Mc = N¢, i.e., Oc = 1.

By definitions, the matrix [G¢; Ag] € R(TMe)xNe hag

a well-defined right pseudoinverse [Ge; Ac]' for a MIN-
Row representation, and [G¢; A¢] is invertible for an
INVERTIBLE representation. Fig. 1 illustrates the rela-
tionships between the representations based on Prop. 1.

Input: H-Rep polytope C = {z | Hcx < k¢} C R”
that represents a full-dimensional polytope
Output: INVERTIBLE representation (G, cc, Ac, be)

1: Define a zonotope Z = (Gz,cz) (3a) with Gz =
diag (“T_l) ER™ " cy & “TH € R” for [,u € R™,
li = —pc(—ei), wi=pclei), Vi€Npy. (17)
2: Define ¢ € RE¢ with o; = fpzﬁfhi) for each i €
N[l:Lc] and HC = [h]—, h;; cee th}
3: Compute the INVERTIBLE representation for C with
Ge =[Gz, 0nx o],

Ac = {HCGZ,diag (UT_If)] , bo = ";rk — Heey.

Cc = Cz,

H-Rep [5, Thm. 1] Constrained
polytope (1a) zonotope (1b)

Y, A
Prop. 1.5 2 i | Algo. 1

Full-dimensional INVERTIBLE _________ - > MiNRow
polytopes (Defn. 4) (Defn. 3)

General
polytopes

Fig. 1. Relationship between various representations dis-
cussed in the paper. For any pair of representations Ri, Ra,
a dashed arrow from R; to Rs shows that R1 is also Rs.

Proposition 1. The following statements hold:

1) FEvery representation (Gc,cco,Ac,bc) of a full-
dimensional polytope C satisfies rank(G¢) =n < Ne¢.
2) A polytope is full-dimensional if and only if the poly-
tope is non-empty and it has a MINROW representation.
3) Algo. 1 generates a MINROW representation from
any full-dimensional constrained zonotope (1b).

4) Algo. 2 generates an INVERTIBLE representation from
any full-dimensional H-Rep polytope (1a).

5) Given an INVERTIBLE representation (G¢, cc, Ao, be),
the corresponding H-Rep polytope (1a) is given by,

He = [Ing; —Ine) [Gei Ac) ™ [Ins Ortexen) (18a)
ke = lanox1 — Une: —Ing] [Gei Ac) ™ [—e;b]. (18D)
See Sec. A.1 for the proof of Prop. 1. Step 2 in Algo. 1

removes redundant equalities in {{ | Ac€ = bo}. See
mpt_minAffineRep in MPT3 [24] for an implementation.

By Prop. 1.4, an INVERTIBLE representation also exists



for every full-dimensional constrained zonotope. How-
ever, it is unclear if we can efficiently compute such a
representation from an arbitrary full-dimensional con-
strained zonotope, as done in Algo. 1.

Remark 1. The rest of the paper assumes the use of a
MINROW representation for any full-dimensional con-
strained zonotope, obtained using either Algo. 1 or 2.

3.2 Inner-approximation of the Pontryagin difference

Thm. 1 tackles the inner-approximation part of Prob. 1.
Theorem 1. Given a non-empty constrained zonotopic
minuend C = (Geo,co, Ac,be) C R™ and a convex and
compact subtrahend S C R™ that is symmetric about any
cg € R™. Let T : RNoX™ golye

[Go; AcIT = [In; 0are xnls (19)

and D € RNexNe pe o diagonal matriz with
Dy 51— PSo (ezTF) ) (20)
for each i € Ny.n.), where So £ S — cg. Then, the

constrained zonotope M~ defined using (16) and D in
(20) satisfies (15), provided Dy; > 0 for everyi € N,

Proof. Given Sy C R”, define Vy = I'S; ¢ RYe. By
definition of T', Vy satisfies 1) GeVo = Sp = S — ¢g, and
2) AcVo = {Onex1}-

Next, define Cp, 2 Boo(Ac,be) © Vo € RV and define
M~ & cy—- + GeCr. (21)
with ¢p;— in (16). Recall that for any set A, B C R”
and a matrix M € R™*" with m < n, M(A6 B) C
(MA) & (MB) [9, Lem. 2(ii)]. From [27, Thm. 2.1.iv],

M™ Cey- + (GeBx (A, be) 6 (Ge))
=cy- + ((C—cc) © (S —cs))
= (C]uf _(CC_CS))+(CGS) =CoS. (22)

Next, we simplify Cy, as follows,

Cr ={¢|Yv € Vo, £+ € Boo(Ac,bo)} (23)
={¢|VveVy, Ac(§+v) =bc, (€ +vle <1} (24)
={¢{| A& =bo, Yv eV, €+ <1} (25)
={&lAc¢=bc}n ({&] €l <1} W0) (26)

Ac€=bc, Vi€ N[I:Nc]a Vo € {717 1}a (27)
bef € < 1= py, (6e:)

_ {5
A€ =bg, Vi e N[I:Nc]a

= 28

{g el el < 1= ps, (I7es) } )

= {§ ‘Acf =bo, Vi € N[l;Nc]a

6’?5’ < Dn} (29)

Here, (23) follows from (6d) and the definition of Cy,
(24) follows from (2), (25) follows from the choice of
Vo, (26) follows from (6d), (27) follows from (8), (28)
follows from (4) and from py,(v) = ps,(I'Tv) for all
v € RN¢ [26, Prop. 2], and from symmetry of Sy about
the origin implying ps,(—u) = ps, (1) for all u € R™ by
(4), and (29) follows from the definition of D;; (20).

If Dy < 0 for any i € Ny, then Cp = 0 by (29), and
M~ defined in (21) is also empty. On the other hand,
when D;; > 0 for all i € Nji.n,, (29) may be expressed
as a scaled version of By,

CrL ={D¢| AcDE =be, ]l <1} = DB(AcD,bc).

Thus, M~ C CeS in (15) using (21) and (22), provided
D;; >0forallie N[I:NC]- O]

Thm. 1 inner-approximates the Pontryagin difference
(6d) using the support function of the subtrahend S.
The condition D;; > 0 for all i € Ny, ) in Thm. 1 may
be viewed as requiring I' to additionally satisfy 'Sy C
{€] l€lloo < 1}. Such a choice ensures ps, (I'"e;) < 1,
and thereby, D;; > 0 [22, Ex. 3.35(d)].

Proposition 2. For a full-dimensional, constrained
zonotopic minuend C and a conver and compact sub-
trahend S C R™ that is symmetric about any cs € R™,
the constrained zonotope M~ defined in Thm. 1 with
I' = [Ge; A In; 0nrp xn] inner-approzimates C S S.

Proof. Follows from Rem. 1 and Thm. 1. O

Prop. 2 addresses Prob. 1. Additionally, we use the fol-
lowing two observations to illustrate that the assumption
of full-dimensionality in Prop. 2 is not restrictive. First,
Co S = (), whenever the affine dimension of S is strictly
greater than the affine dimension of C by (6d), since
x+ S can not be contained in C for any z € R™ in such a
scenario. Second, consider the case where both minuend
and subtrahend are not full-dimensional and there ex-
ists a matrix T € R™*" with n > n’ and rank(T) = n’
such that ¢ = TC' and S = TS’ for any C',S' C R™.
Then, by [27, Thm. 2.1.viii],

CoS=(IC)o(TS) =T o8).  (30)

In such a case, it suffices to assume that C’ is full-
dimensional in order to obtain a constrained zonotope
inner-approximation of C © S.

Corollary 1 (SPECIAL CASES). For a full-dimensional
constrained zonotopic minuend C, D in (20) has closed-
form expressions for Dy; for eachi € Njj.n,)-

1) when S is a zonotope (3a),

Dy =1—|le] [Ges Ac]'[Gs; Onre s

(31)

1’



Algorithm 3 Inner-approximation of C 6 S

Input: Minuend C = (G¢,cc,Ac,be) that is full-
dimensional and subtrahend S that is convex, com-
pact, and symmetric about any cg € R™

Output: Constrained zonotope M~ CC& S

1: S« S —cg
2: ' «+ [Gc; Ac]T[In; OMan]
3: D« diag([1 — ps,(e{ ). .11 = ps,(eq, T)])
(GeD,cec —cs,AcD,be), min D;; >0,
40 M~ PEN[LN ) )
{ 0, otherwise

2) when S is an ellipsoid (3b),
Dii = 1— ||/ [Ges Ac]T[Gsi One xnvs] || (32)
3) when S is a convex union of symmetric intervals (3c),

Dii = 1—|le] [Ge; Ac]T[Gs; Onexens] | (33)

Proof. Follows from (5) and Prop. 2. O

Corr. 1 lists some broad classes of subtrahends
that admits closed-form expressions for the inner-
approximation M~ of the Pontryagin difference C & S.

Algo. 3 summarizes the procedure described in Prop. 2
to inner-approximate C © S when the minuend C is full-
dimensional. For subtrahends that are ellipsoids, zono-
topes, or convex unions of symmetric intervals, Step 3
in Algo. 3 is available in closed form (see Corr. 1), and
Algo. 3 is optimization-free, i.e., it does not require con-
vex optimization solvers.

Remark 2. We can also use a “template” constrained
zonotope C~ C C when available and compute C~ 6 S C
Co S using Thm. 1. Such an approach may help in over-
coming conservativeness in certain cases, e.g., M~ de-
scribed in Thm. 1 is a zonotope for zonotopes C, S, even
when C & S is known to be a constrained zonotope [0, 9].

3.8 Relation of Algo. 8 with existing two-stage approach
for zonotopic subtrahend

For a zonotopic subtrahend S, the optimization-free
Algo. 3 is closely related to the optimization-based
two-stage approach [9] (see Sec. 2.2).

Let S = GsSp + cs where Sy is the unit £,.-norm ball
(3a). Consider the matriz least norm problem [21, Ex.
16.2], which is similar to (9) where the objective is now

N, N,
OIAEDIEY;

the Frobenius norm ||T'||p £ i1 Lig

minimize |||z
FE]RNCXNS (34)

subject to  [Ge; Aol = [Gs; Onro xNg)-

Algorithm 4 Convex polyhedral outer-approximation
of a constrained zonotope C

Input: Full-dimensional C = (G¢,co, Ac, be)
Output: Convex polyhedron P ={z | Hx <k} 2 C
1: Vo [o1; 095 . ung ] € RNoX(mEMe) with
TG Aol
v = el [ C; C] s VZ e N[l:Nc] (35)
[eTiGes Ac [Gos Ac)

1

2: H<«+[V; *V][In;OMcxn]
3: k< lonex1 — [V =V][=cc; be]

When C is full-dimensional, the optimal solution of (34)
is available in closed-form, I'* = [G¢; Ac]T[Gs; Onre x Ns )
by Prop. 1.2 and [21, Ex. 16.2]. Observe that I'* = I'Gg
for I' prescribed by Prop. 2. Then, we can recover D
prescribed by (31) in Corr. 1 using (20) in Thm. 1,
where ps, () = ||v|]1 instead of (5¢).

The condition D;; > 0 for every i € Nj.n, is required
in the two-stage approach [9] (see (9)) and in Step 4 of
Algo. 3. Thus, Algo. 3 and [9] differ only in the choice
of T' (or specifically, the choice of objective in (9)) for a
zonotopic subtrahend. In other words, Algo. 3 may be
viewed as a generalization of [9] for symmetric, convex,
and compact subtrahends, and does not require an op-
timization solver for certain subtrahends (Corr. 1). We
compare these approaches in various examples in Sec. 6.

4 Outer-approximation of Pontryagin differ-
ence and sufficient conditions for exactness

In this section, we first address Prob. 2, and then use
its solution to address the outer-approximation part
of Prob. 1. We also provide sufficient conditions under
which all proposed approximations are exact. We con-
clude this section with a discussion of implementation
considerations for the proposed algorithms.

4.1  Outer-approximating convex polyhedron for a given
constrained zonotope

We now address Prob. 2 using Algo. 4.

Proposition 3. Given a full-dimensional constrained
zonotope C, Algo. 4 computes a convez, polyhedral, outer-
approximation of C with at most 2N¢ linear constraints.

See Sec. A.2 for the proof. We used the observation that a
full-dimensional C may be expressed as the 1-sublevel set
of the optimal value function of a feasible linear program.
Using strong duality, we obtain an outer-approximating
convex polyhedron P, characterized by 2N feasible so-
lutions (35) to the corresponding dual problem.

While [5, Prop. 3] provides an exact H-Rep polytope
representation of C using lifted zonotopes, it may require
a combinatorial number of hyperplanes, and may not be



Algorithm 5 Outer-approximation of C & S

Input: Minuend C = (G¢,cc,Ac,be) that is full-
dimensional and a convex and compact subtrahend
S that is symmetric about any cg € R™
Output: Constrained zonotope MT™ D CO S
1: Compute a convex polyhedron P D C using Algo. 4.
2: Compute a convex polyhedron ./\/l;; =PoS via (8).
3: Compute M* « (C — ¢cg) N M} using (7d) .

practical for large n and/or N¢. Instead, Algo. 4 outer-
approximates C with a convex polyhedron P that has at
most 2N¢ halfspaces, and can be efficiently computed
for C with large n and N¢ without relying on convex
optimization solvers. Redundant inequalities in P may
be removed via linear programming [24], if desired.
Remark 3. (H-REP OUTER-APPROXIMATION) We can
modify Algo. 4 in the following ways:

1) Always return a H-Rep polytope PN {zx |l <z < u}
with I, u computed in (17), where Lp = 2(N¢ +n).

2) Reduce approximation error by intersecting P com-
puted by Algo. 4 with supporting hyperplanes (4) evalu-
ated along template directions (ray shooting) [10].

Both modifications incur additional computational cost.

4.2 Outer-approximation of the Pontryagin difference

We now address the outer-approximation part of Prob. 1.
Proposition 4. For a full-dimensional, constrained
zonotopic minuend C and a convex and compact sub-
trahend S C R™ that is symmetric about any cs € R™,
Algo. 5 returns a constrained zonotope MT D C S S.

Proof. By Prop. 3 and (8), M, constructed in Step 2 of
Algo. 5 outer-approximates C © S. Since S is symmet-
ric about cg, (C — cg) is also an outer-approximation
of C 6 S by (6d). We obtain the outer-approximating
constrained zonotope M™ by intersecting these outer-
approximations in Step 3 using (7d). O

All steps of Algo. 5 are available in closed-form, when
the support function of § is known in closed-form. Simi-
larly to Algo. 3, Algo. 5 is optimization-free, i.e., it does
not require convex optimization solvers, when S is an
ellipsoid, a zonotope, or a convex unions of symmetric
intervals (see (5)).

4.8 Sufficient conditions for exactness

We show that the proposed approximations become ex-
act when using an INVERTIBLE representation.
Proposition 5. (SUFFICIENT CONDITIONS FOR EXACT-
NESS OF POLYHEDRAL COVER) For an INVERTIBLE rep-
resentation C, Algo. 4 computes a H-Rep polytope P = C
that is identical to the H-Rep polytope in Prop 1.5.

Proposition 6. (SUFFICIENT CONDITIONS FOR EXACT-
NESS OF PONTRYAGIN DIFFERENCE) For an INVERTIBLE
representation C, Algo. 8 and 5 provide approzimations

M~ and M that satisfy M— =M =Co S =M.

See Sec. A.3 and A .4 for the proofs. The exactness results
(Prop. 5 and 6) may be attributed to Prop. 1.5. Also,
for C in an INVERTIBLE representation, Step 2 of Algo. 5
computes a H-Rep polytope /\/l;f = C 6 S by Prop. 5.
Consequently, instead of Step 3, we can use Algo. 2 to
compute M™* directly from M.

Algo. 3, 5 address Prob. 1 by Thm. 1 and Prop. 2, 4, 6.
Algo. 4 addresses Prob. 2 by Prop. 3, 5.

4.4 Implementation considerations

The use of pseudoinverse [G¢; Ac]' in Algo. 3, 4, and 5
was motivated by providing closed-form expressions
for Dy; (20) and v; (35). However, the computation of
[Gc; Ac]t can be computationally expensive for large
N¢ and M¢. In practice, it suffices to compute a min-
imum norm solution of systems of linear equations —
a solution I in (19) for Step 2 of Algo. 3, a solution ¢
to Acé = bo in Step 4 of Algo. 3, and a solution VT
to [Ge; Ac]"V'T = Iy, for Step 1 of Algo. 4 (where
V|Ge; Ac] is later normalized row-wise in £;-norm).

We can use QR factorization or complete orthogonal de-
composition to compute a minimum norm solution with-
out explicitly computing the psuedoinverse [21, Ch. 12].
Existing algorithms can also exploit sparsity [21, Ch.
12.3]. In Sec. 6 and 7, our MATLAB implementation of
Algo. 3, 4, and 5 utilizes 1sqminnorm to compute mini-
mum norm solutions and uses sparse matrices for com-
putational efficiency.

5 Inner-approximation of robust controllable
sets

We now address Prob. 3 by inner-approximating the
T-step RC set using Algo. 3 and the set recursion
(14). We consider both cases described in Prob. 3,
characterize the representation complexity of the com-
puted inner-approximations, and show that their repre-
sentation complexities grow linearly with 7.

Throughout this section, we will assume that the input
set U; and the goal set G are polytopes, hence, repre-
sentable as constrained zonotopes, and the additive dis-
turbance set W, is a convex and compact set that is sym-
metric about any cy € RP. Also, we assume that the
sets Ky computed in (14) are full-dimensional for every t.

5.1  Convez polyhedral X; and invertible Ay

Given a finite horizon T' € N, we consider the case
where A; in (13) are invertible, and state constraints X



Set | Eq. no. | M ¢
Kyl | (36a) M., Oenn
’Cinterim,Q 36b

.t terim.3 ( ) M’CH—I + MBM
’C;n erim, (36C) ﬁ/CH»l + ﬁBZ/{
s (36d) | Mi,., + Mpu + Lx

Table 2

Representation complexity (see Defn. 1) for various sets in-
volved in computing an inner-approximation to the 7T-step
RC set using (36), where €(Kty1) = (Mk,,,Ok,,,) and
¢ (BU) = (MBu, OBu), and X is characterized by Lx hy-
perplanes. Observe that the representation complexity grows
by (Mpu + Lx, OBu) with each step of the recursion.

are polyhedra for all ¢ € Njg.p_4j. Since &} can be un-
bounded, they may not be representable as constrained
zonotopes. However, we can still inner-approximate the
RC sets as constrained zonotopes using (7d).

For all t € Njg.p_y), we break down the set recursion (14)
to compute the T-step RC set into four steps:

et C P K © FW, (360)
IR = KR @ (— Bilky), (36b)
’qnterim,:s _ A;llcinterim,2, (360)

K, = Kinterim,s N A, (36d)

The recursion (36) is initialized with a constrained zono-
tope K1 = G. We use Prop. 2 to compute a constrained
zonotope K™ iy (36a). Then, we compute (36b)—

t,inner

(36d) exactly using (7). Thus, for allt € Njg.7_q), the sets

interim,1 p-interim,2 interim,3 .
Ko K smmer 5 17, and K™ are constrained

zonotopes, and K~ = K is an inner-approximation of
the T-step RC set.

Table 2 describes the representation complexity of var-
ious constrained zonotopes involved at each step of
(36). For ease of discussion, we assume that Aj,U,
and W; are time-invariant, i.e., X; = X, Uy = U, and
Wy = W, for all t € Njg.7j. Additionally, we assume
that X is characterized by Lx hyperplanes. Given rep-
resentation complexities € (K1) = (Mi,,,, Ok,yy)
and € (BU) = (Mpy, Opu), the rows of Table 2 follow
from Prop. 2, (7b), (7a), and (7d), respectively. With
€ (G) = (Mg, Og), the representation complexity of the
inner-approximation of the T-step RC set is

(K(IC_) = (Mg + T(MBL{ + LX), Og+TOpy). (37)
Observe that the representation complexity of £~ does
not depend on the disturbance set VW due to Prop. 2,
and grows linearly with 7.

5.2 Polytopic Xy

We now consider the case where the state constraints
A, are polytopes for all t € N, and admit a constrained

zonotope representation with ¢ (X;) = (Lx,,1) when
using Algo. 2. Unlike Sec. 5.1, we no longer assume that
A, is invertible.

Similarly to (36), we separate the set recursion (14) into
three steps performed for all ¢ € Njg.7_q;:

K e € KM = Ky © WL, (382)
einterim.2 _ IC;“ff;;Tl & (—Bhy), (38b)
Ky = X, Na, K02, (38¢)

where (38¢) combines (36¢) and (36d) into a single step
using (7¢). Assuming time-invariance, €(X) = (Lx,1)
and the representation complexity of K; grows by
(Mpy + Lx + n,0py) at each step of the set re-
cursion (see (7¢) and Table 2). Consequently, with
€ (G) = (Mg, Og), the representation complexity of the
inner-approximation of the T-step RC set is

CK)=Mg+T(Mpy+Lx+n),0g+T0Opy). (39)

Similarly to (37), € (K ™) in (39) also grows linearly with
T and does not depend on the disturbance set W.
Remark 4. We can also use the set recursions discussed
in Sec. 5.1 and 5.2 in conjunction with Algo. 5 to obtain
an outer-approximation to the T-step RC set.

Remark 5. In this work, we did not use the exact or ap-
prozimate reduction techniques [5, 6, 25] that may lower
the representation complexity at the expense of additional
computation or accuracy or both. On the other hand, it
is straightforward to apply these results to the sets com-
puted in this work for a further reduction in the set rep-
resentation complezity.

6 Case studies

We now demonstrate the computational efficiency, scal-
ability, and utility of our approach in several case stud-
ies. First, we consider two case studies involving low-
dimensional systems to illustrate the advantage of the
proposed approach in computing time when compared to
existing inner-approximating approaches based on con-
strained zonotopes [9], and exact approaches based on
H-Rep and V-Rep polytopes [24]. Then, we discuss the
scalability of the approach by computing the RC set for
a chain of mass-spring-damper system, and empirically
demonstrate that the proposed approach is numerically
stable and can compute the RC sets for high-dimensional
systems and long horizons.

We perform the presented computations in a standard
computer with Intel CPU i9-12900KF processor (3.2
GHz, 16 cores) and 64 GB RAM, running MATLAB
2022b on Windows. We use YALMIP [28], MOSEK [29],
and GUROBI [30] to set up and solve the optimiza-
tion problems. For two-dimensional plots of constrained



zonotopes C, we compute the appropriate H-Rep/V-Rep
polytope approximations via support function and vec-
tor computations (4) in 100 equi-spaced directions in
R2. We estimate the volume of the sets via grid-based
sampling.

6.1 Double integrator example with polytopic X

We consider the computation of RC set for a double inte-
grator system with polytopic state constraints X and an
ellipsoidal disturbance set WW. The linear time-invariant
system matrices are

1 AT
01

(AT)?/2
AT

A:

s andF:IQ,

with the sampling period AT = 0.1, the input set U =
[—2,2] that is an interval, the disturbance set W =
(0.115,[0;0]) or W = (diag([0.2,0.04]),[0.1;0.1])} that
is a circle or an ellipsoid respectively, and the state
constraints X = G = [-2,2] x [-3,3] that are time-
invariant, axis-aligned rectangles.

We generate inner-approximations of the T-step RC set
using the recursion in Sec. 5.2 for T' = 20 with an exact
ellipsoidal representation of W and a zonotopic outer-
approximation Wt = (Gw,cw) D W where the Pon-
tryagin difference is inner-approximated using Algo. 3.
We also compare the computed sets with the exact sets
computed using MPT3 where the vertex-facet enumer-
ation was accomplished using Fourier-Motzkin elimina-
tion [24], and the inner-approximations of the RC sets
using the two-stage approach with the zonotopic W+ [9].
We also compute an outer-approximation of the RC sets
using Algo. 5, as discussed in Rem. 4.

Table 3 shows that the proposed inner-approximation
approach with ellipsoidal WV is about two orders of mag-
nitude faster than the exact approach [24] and the WT-
based approximation via two-stage approach [9], while
providing reasonably accurate inner-approximations
(about 97% and 77% of the area of the exact RC set in
the first and second case respectively). Our approach
with zonotopic W7 is slightly faster than with ellip-
soidal W, but it is more conservative due to the zono-
topic outer-approximation of the disturbance set. The
shorter computation times of the proposed approach are
a direct result of Thm. 1 and Prop. 2, since the imple-
mentation of the set recursion in Sec. 5.2 can be accom-
plished in closed-form, i.e., optimization-free. As ex-
pected, (M, , Ox,) of the inner-approximations do not
depend on choice of W (see (39)). The proposed outer-
approximation is slower than the inner-approximation,
primarily due to the use of linear programming to pro-
duce a minimal representation of the convex polyhedron
in Step 1 of Algo. 5 to manage the representation com-
plexity. Additionally, My, for outer-approximation is

10

Area | Compute time | Complexity @ || Area | Compute time | Complexity €
Method || Ratio | Time (s) | Ratio | My, | Ox, | Ratio | Time (s) | Ratio | My, | 0x,
W is a ball (left in Fig. 2) W is an ellipsoid (right in Fig. 2)
Exact [24] 1 2.044 | 177.39 N/A 1 2.958 | 176.65 N/A
Ours M~ 0.97 0.012 1 120 11 0.77 0.017 1 120 11
Ours M* 1.67 4.064 | 352.66 322 11 3.46 4.199 | 250.78 326 11
With a zonotope outer-approximation W* > W as the disturbance set
Ours M~ 0.70 0.010 0.86 120 11 0.37 0.014 0.84 120 11
2-stage [9] 0.67 1.594 | 138.29 120 11 0.22 1.520 90.78 120 11
Table 3

Comparison of various approaches for Sec. 6.1. Our (inner-
approximation) approach is about two orders of magnitude
faster than existing approaches [9,24], and generates suffi-
ciently accurate approximations.

-2 -1 0 1 2 -2 -1 0 1 2

1 X1

[ISafe set X [@Proposed inner-approx. with ellipsoidal W
[E@Proposed outer-approx. with ellipsoidal W [ Proposed inner-approx. with zonotopic W*
[JExact 20-step robust controllable set K, [l Two-stage approach with zonotopic W+

Fig. 2. Robust controllable sets computed using the recur-
sion in Sec. 5.2 for Sec. 6.1 with a ball-shaped W (left) and
an ellipsoidal W (right). We compare the sets obtained with
the proposed approximations to the sets from existing ap-
proaches (exact [24] and the two-stage approach [9]). The in-
sets in the left figure show that the proposed approach with
ellipsoidal W (cyan) provides sufficiently accurate inner-ap-
proximations of the exact RC set (white).

higher than the inner-approximation due to Step 1 of
Algo. 5. For most safe constrained control problems, an
inner-approximation of the T-step RC set is sufficient.

Fig. 2 shows that the RC sets and their corresponding
inner-approximations, associated with a ball-shaped
W (left) and an ellipsoidal W (right). As expected,
the inner-approximations of the RC set constructed
using zonotopic W1 are more conservative than their
ellipsoid-based counterparts in both cases. On the other
hand, the proposed inner-approximations with zono-
topic Wt are identical (left) or similar (right) to the
inner-approximations produced by the existing two-
stage approach [9], while requiring significantly shorter
computation time (see Table 3).

6.2 An example with convex polyhedral X

We now consider the computation of RC set over a long
horizon T' = 100, similar to [9, Ex. 2]. Consider a stable,
discrete-time, linear time-invariant system with matrices

—0.01
A= B—[ ],andF—Ig,

—0.15 0.99 0.08

0.99 0.02]



Area Compute time Complexity ¢
Method
Ratio | Time (s) Ratio | My, Ok,
Exact [24] 1] 110661 | 1235.87 N/A
Ours M~ 0.89 0.090 1 200 202.0
Ours M* 1.36 158.753 | 1772.96 | 1703 953.5
2-stage [9] | 0.92 | 10192 | 11382 | 200 | 202.0

Table 4

Comparison of various approaches for Sec. 6.2. Our (inner-
approximation) approach is about two to three orders of
magnitude faster than existing approaches [9,24], and gen-
erates accurate approximations even for a long horizon T'.

Recursion step ¢ = 80 Recursion step t = 40

5 5 5
0 | 0 | 0
~ ~ ~
x x x
5 5 5
2 4 2 0 2 4 -
X X

Recursion step t = 0

-2 0 2 0 2 4

X

1
Exact RC set K,

[ 1Safe set X’
mGoal set X mTwo-stage approach with zonotopic W
mProposed outer-approx. with zonotopic WWmProposed inner-approx. with zonotopic W

Fig. 3. Snapshots of the 100-step robust controllable sets
computed using Sec. 5.1 for Sec. 6.2 at recursion steps
t € {0,40,80}. Our approach computes inner-approxima-
tions of the RC set that are similar to those obtained using
the exact approach [24] and the two-stage approach [9], with
significantly lower computational effort (see Table 4).

and an interval input set & = [—1.5, 1.5], zonotopic dis-
turbance set W = (0.0115, [0; 0]), zonotopic goal set G =
(0.515,[1.5;0]), and convex polyhedral, time-invariant
state constraints X = {z | [-1,0;2, 1]z < [2;5]}.

Since the state constraints are polyhedral and A is
invertible, we generate inner-approximations of the T-
step RC set using the recursion in Sec. 5.1. Similarly
to Sec. 6.1, we compare the obtained sets with their
exact counterparts computed using MPT3 [24] and the
inner-approximations obtained using the two-stage ap-
proach [9]. We also compute an outer-approximation of
the RC sets using Algo. 5.

Table 4 shows that the proposed inner-approximating
approach with zonotopic W is over two to three
orders of magnitude faster than the existing ap-
proaches [9, 24], while providing reasonably accurate
inner-approximations that cover about 89% of the area
of the exact RC set, as in Sec. 6.1. The shorter computa-
tion time compared to existing approaches is attributed
to the optimization-free implementation of Sec. 5.1, by
Prop. 2 and Corr. 1. As expected, (Mk,, Ox,) for our
M~ and the two-stage approach are identical [9].

Fig. 3 shows the 100-step RC sets computed by vari-
ous methods at recursion step t € {0,40,80}. Unlike in
Sec. 6.1, the proposed inner-approximation of the RC
set in this case is contained in the inner-approximation
using the two-stage approach [9]. However, the conser-
vativeness of the proposed approach compared to the
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Fig. 4. Chain of Njs mass-spring-damper systems.

two-stage approach [9] appears minimal, covering about
89% vs 92% of the area of the exact RC set.

6.3 Scalability: Chain of damped spring-mass systems

We now demonstrate scalability of the representa-
tion complexity for the proposed inner-approximation.
Specifically, we compute the RC set of a chain of Nyy € N
homogenous mass-spring-damper systems, see Fig. 4,
for a range of chain lengths, i.e., different system dimen-
sion, and set recursion lengths, i.e., different horizon
T. The chain system has the following continuous-time
linear time-invariant dynamics,

2k

k
1= - + ot %11 + w1 +u1, (40a)
L 2% k .
TNy = = BNy T (N 1) T ENy
+twNy tuNy, (40b)
i 2% k .
Ej =i+ (w1t 2ien) - %wj +wj +uj, (400

where j € Nijg.(n,,—1)]. Here, (40) describes a (2Ny)-
dimensional system parameterized by the spring con-
stant k, the mass m, and the friction coeflicient . Each
spring is actuated by an acceleration input u; € Y C R
subject to an acceleration disturbance w € W C R.

After discretizing (40) with sampling time AT = 0.1
using zero-order hold, we consider the following compu-
tations of T-step RC sets:

1) n € Nig.199) with 7' = 20 using Sec. 5.2,

2) n € Nig199) with 7" = 40 using Sec. 5.2,

3) n € Nig.50) with 7' = 20 using two-stage approach [9],
4) n € Ng14) with T' = 20 using exact approach [24].
We use parameters £k = 0.1, m = 0.1, and p =
0.01, input set U = [[—0.170.1]]NM, disturbance set
W = [-0.0001,0.0001]", and state constraints

X =G =([-0.2,0.2] x [-0.5,0.5])".

Fig. 5 shows that the proposed method takes signifi-
cantly shorter computation time to produce an inner-
approximation to the 20-step RC sets, when compared to
existing methods [9,24]. Specifically, we observe that our
approach takes 12.52 seconds to inner-approximate the
20-step RC set for a 100-dimensional system (N, = 50).
On the other hand, the two-stage approach [9] took
649.74 seconds (about 10 minutes) to compute an inner-
approximation for the 20-step RC set for much smaller
dimensional system n = 40 (Nj; = 20). We encountered
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Fig. 5. Time taken by various methods to compute the RC
sets for varying system dimension n. The proposed method
takes 12.52 seconds to inner-approximate 20-step RC sets
for a 100-dimensional system. In contrast, existing methods
(the exact computation using MPT3 [24] and the two-stage
approach in [9]) require longer computation time to tackle
lower dimensional systems. We also report the time taken by
the proposed method to inner-approximate 40-step RC sets.

numerical issues for the exact set computation using
MPT3 [24] beyond n = 14 (Np; = 7). As expected, the
proposed approach took longer to compute the RC sets
for an horizon 7' = 40 compared to the sets for an hori-
zon T' = 20, but still computed an inner-approximation
to the 40-step RC set for the 100 dimensional system
in 126.53 seconds (about 2 minutes). The scalability of
the proposed approach compared to existing approaches
may be attributed to the optimization-free implementa-
tion of Sec. 5.2, made possible by Prop. 2 and Corr. 1.

We oberved a moderate growth in the representation
complexity of the proposed inner-approximations. For
a 10-dimensional system, an inner-approximating con-
strained zonotope Ky for the 20-step RC set had a rep-
resentation complexity of € (KCp) = (620,11) with n =
10, Nx, = 730, M, = 620. As noted in Rem. 5, various
reduction techniques may be used to further lower the
set representation complexities, if so desired.

7 Application: Abort-safe rendezvous

Abort safety in spacecraft rendezvous [11,13,31] requires
that a spacecraft in nominal operation approaching a
target must retain the ability to avoid collision with the
target in the event of an anomaly or a failure. In [11], we
showed that the problem of abort-safe spacecraft ren-
dezvous could be encoded using RC sets, and we com-
puted these sets using H-Rep/V-Rep polytopes. How-
ever, such an approach is challenging in high-dimensions
and suffers from numerical issues, which motivates the
computation of the RC sets using constrained zonotopes.
Additionally, to guarantee safety, we require an exact
computation or inner-approximation of the RC sets.

In this work, we consider rendezvous to a future Lunar
gateway flying in a near-rectilinear halo orbit (NRHO)
around the Moon [19]. To minimize the use of fuel, we
allow the spacecraft to utilize all 3 degrees of freedom in
its approach. We compute six-dimensional RC sets that
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constrain the rendezvous trajectory in order to guaran-
tee that, in the event of a failure, off-nominal opera-
tion of the spacecraft allows for a safe abort maneuver.
Additionally, the trajectory must lie in a line-of-sight
cone that arises from sensing and communication re-
quirements, and ensures that the Sun stays behind the
spacecraft to help in perception of the Lunar gateway.

Nominal dynamics: We obtain the unactuated nonlinear
dynamics of the spacecraft in the vicinity of the Lunar
gateway by considering Earth and Moon’s gravitational
forces and dominant perturbations [32]. We linearize the
dynamics around the NRHO of the gateway, and dis-
cretize the dynamics in Tsample-long time intervals to
obtain the relative dynamics [31],

Ty = Apry + Byug, (41)
with state (position and velocity) x; € RS, input u; €
U C R? models impulsive changes in velocities, and per-
fect state measurements.

Off-nominal dynamics: We consider three modifications
to the nominal dynamics in the event of failure — 1)
limited actuation to model the event where the main
thrusters fail and the spacecraft is forced to use redun-
dant thrusters like attitude thrusters, 2) process noise to
model the resulting actuation uncertainty, and 3) mea-
surement noise to model sensing uncertainty that may
increase with the use of redundant thrusters. The need
for redundant thrusters is well-known in space applica-
tions to ensure safety in off-nominal scenarios [33]. We
assume that the process and measurement noises are
drawn from pre-determined bounded sets that may be
characterized via offline statistical analysis [33].

Specifically, the off-nominal dynamics after a failure
event at time ¢ are,

(42a)
(42b)

Zry1ft = Atzg)e + Bi(ug)s + wppe),
Zkjt = Zkjt T M|t

where zy; is the state after failure at time k > ¢ ini-
tialized by zy; = x¢ (the nominal state at failure time
t), and wi; € Woffnom C R3 and Nt € Eoftnom C
RS are bounded disturbances to the input and post-
failure state respectively. The disturbances model the
actuation mismatch and sensing limitations that can
become prominent after failure. The post-failure input
Ut € Upnom C U where Uygnom models the limited ac-
tuation available after failure. We consider a feedback
controller 7 : R® = U,gnom that provides a post-failure
control u in (42) given the current state estimate 2 € RS.
Let II be the set of all such controllers.

From (42), the state estimate Z; follows the dynamics,

Zi41 = ArZe + Bruy + ¢, (43)



with disturbance ¢; € @ = Eotnom D (BtWoftnom) ®
(—A¢&ofinom)- From (42b), z; and 2, satisfy

z € & + (7£oﬁ—nom) and Z; € 2z + Eoff-nom- (44)

Rendezvous constraints: We consider the problem of nav-
igating the spacecraft to a target set 7 C R? in front of
the Lunar gateway, while staying inside a line-of-sight
cone £ C R3 originating from the Lunar gateway. The
designed nominal rendezvous trajectory must also stay
outside a keep-out set D C R? around the Lunar gate-
way during the rendezvous maneuver. Also, for some
pre-determined post-failure safety horizon Ty.¢ € N, the
nominal state x; at any time ¢t must satisfy the abort-
safety requirement:

Vk € Nitst+ Tuage)> 3k €11,

vwk\t € Wofi-nom, vnk\t € Eoff-nom,

(Abort-safety): (45)

Zk|t in (42) with uk‘t = Wk(ék\t)

satisfies 2y € D, given zy; = xs.

Informally, (45) requires the nominal trajectory to per-
mit steering the spacecraft to continue staying outside D
using limited actuation and imperfect state information
under perturbed dynamics (42) over a safety horizon of
length Tiate, in the event of a failure at time ¢.

Optimal control problem: Given initial state xg, the op-
timal control problem is formulated as,

min Y, (dist(z¢, 7)? + Awel|y)

s.t.  Nominal dynamics (41) from z, (46)
Vt, x4 €L, and x; €D

Vt, x; meets abort-safety requirement (45).

For A > 0, (46) balances the typical goals of rendezvous
— approaching the target set 7 while limiting the energy
spent. We measure the energy spent as (Av), = ||u¢l],-

Enforcement of (Abort-safety) using RC sets: Similarly
to [11], we encode the abort-safety requirements using
appropriately defined RC sets. Let St =R \ S be the
complement of a set S C R3.

Proposition 7. (SUFFICIENT CONDITION FOR ABORT-
SAFETY) Consider a H-Rep polytope keep-out set
D = ﬂiL:Dl’Hi with Lp halfspaces H; C R3, and
Eoff-nom that is symmetric about the origin. For
any time s € N, let IC(s,Tmfe,’Hg © Eoffnom) de-
note the Tsqpe-step RC set for dynamics (43) char-

acterized by {(A, By, Dy) f;rg’“fe, Uoff-nom, and Xy =
G = Mo Eoff-nom- Then, xs satisfies (45) if x5 €

U2 (K5, Taager HE © Eofnom) © Eofnom )

i=1

13

See Sec. A.5 for the proof of Prop. 7 using (43) and (44).

We solve (46) using a receding horizon framework. For
a finite planning horizon Tpjan € N, the following (non-
convex) optimization problem approximates (46),

. . . d. t 2 A
v inimize >, (dist(ae, T)? + Alluell,)
Ug|greees u(Tplanfl)‘t
subject to Dyn. (41) defines x|, given ¢,

Lp
xR €L, e € U HE, ug—1t €U
i=1

Lp
mk\t S U ’C;(k7 k + Tsafe)7
=1

Vk € N1 t+Tp1an])

Vk € Nt 1:44T 0]
(47)

with K5(k, k + Tiate) 2 K(k, k + Tuate, HE © Eoft-nom) ©
Eoff-nom- The non-convexity in (47) arises from the dis-
Junctive constraints [34].

For a sampling time Tyample = 20 minutes, we solve (46)
with a planning horizon of 2 hours (Tpjan = 6) and an
abort-safety time horizon of 6 hours (Tyafe = 18). We
consider the nominal control set U = [—1/3,1/3] (in
m/s), off-nominal input set Upg.nom = 0.1U, post-failure
process noise in the ellipsoid Wotnom = (1/6013,03x1)
(in m/s), and post-failure measurement noise in the
ellipsoid Eoftnom = (diag(1,1,1,1/60,1/60,1/60),06x1)
(in m and m/s). We define the origin-centered keep-
out set D = [—100,100]> (in m) which contains
the Lunar gateway [19]. We also define a proper
cone characterized by four rays originating from
the origin as the line-of-sight cone £ = {z € R3 |
[0,1,-1;0,1,1;-1,1,0;1,1,0]x < 04x1}. We define
an ellipsoidal target set 7 = (0.0513, Crarget) With
Ctarget = [0.2416;—0.4017; —0.1738] and initial state
xg = [1.4498;—-2.4105;—1.0429;0.01;0.01;0.01] such
that, from the origin, the target is 0.5 km away and the
initial state is 3 km away with non-zero initial veloc-
ity. We rotate D and L to have the +y-face of D and
the axis of symmetry of £ be aligned with the line seg-
ment joining x¢ and ciarget respectively. The choice of
parameters considers a rendezvous approach with the
Sun behind the spacecraft, as the gateway flies near the
apolune of the NRHO.

The exact computation of K} (k, k+ Tyate) based on poly-
topes [24] is challenging, due to the complexity of the
calculations involved in the considered problem setting.
Therefore, we use the proposed approach for inner-
approximating Ti,t-RC set using constrained zonotopes
to enforce abort-safety constraint. Specifically, we use
Thm. 1 and Sec. 5.2 to compute constrained zonotopic,
inner-approximations of K.(k, k + Tsafe), and then use
big-M formulations to cast the disjunctive constraints
in (47) as mixed-integer linear constraints.

Consider Lp constrained zonotopes {C;}%7 where



Fig. 6. Designed nominal rendezvous trajectory along with
the abort trajectories in case of failures at ¢ € Nj1.1;, 1. The
nominal trajectory starts at the initial state (diamond) and
reaches the target set 7 (green) in Tsim = 10 time steps,
while staying within the line-of-sight cone £ (black). The
abort-safety requirement curves the nominal trajectory away
from the keep-out set (red) at all times. The abort trajecto-
ries stay outside the keep-out set, despite the presence of dis-
turbances which are adversarially chosen according to (49).
See https://youtu.be/6BPmHgxD30I for more details.
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Fig. 7. Evolution of the distance to the target (in log-scale)
and cumulative Av over the course of rendezvous, and com-
putation time for each solution of (47).

Ci C Kj(k,k + Tiage) for each i € Np.z,) and some
k € Nigii1,,,)- Using Lp auxiliary continuous vari-

ables & € RMci and binary variables 6; € {0,1},
and a sufficiently large M > 0, the following set of
2(n+ N¢,;) + Mc,; + 1 mixed-integer linear constraints

is sufficient for zy, € UiLZD1 L(kyk 4+ Teare) at any
k € Nitg1:64 T 1n]

Vi € N[l:LD]7
Vi € N[I:LD]y

HGC,igi +coi — xk‘tHoo <M1 -6)
Ac,i€i = by, |l€ill < 1,

ZL: 5 > 1.

Similar mixed-integer constraints based on big-M
can be used to encode the disjunctive constraint
T € UiLleH? [34]. Thus, (47) is a mixed-integer
quadratic program, which can be solved via off-the-shelf
solvers like GUROBI [30].

We can also compute an abort-safe control wuy, =
Tk (2k)¢) for the current state estimate ;). by solving a
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convex problem,

min.
Up |t EUof-nom

J(ug|e) 8. t. AxZrpe + Bruge € Krgp1)e © P,
(48)

where J is a user-specified, convex cost function on the

abort-safe control (we choose J = || - ||2 to minimize
post-failure fuel consumption), {Kk|t}f€1:§5af° is the se-

quence of sets obtained using Sec. 5.2 with Ky 1, ;s =

HZG S/ goff—nom and ]C(t,TsafcaH? S gof‘f—nom) = ’Ct\t; as
prescribed in Prop. 7. We compute the corresponding
adversarial disturbance ¢|; by solving another convex
problem,

min
Pt €EPK

dist(AxZg)e + Bemr(Zkpe) + Skpe, D). (49)

Here, (49) computes ¢y, that reduces the distance be-
tween the next state estimate and the keep-out set.
Thus, we approximate the true worst-case disturbance
sequence, whose exact computation would have required
solving a two-player game, which is computationally
difficult in six dimensions [4].

Fig. 6 demonstrates the designed nominal rendezvous
trajectory, which takes Ty, = 10 time steps (200 min-
utes) to reach 7 with a total Av of 1.07 m/s. The tra-
jectory design required the computation of 385 18-step
RC sets, and the set computation took a total of 7.53
seconds. Fig. 6 also shows the designed abort-safe tra-
jectories originating from each time step of the nomi-
nal rendezvous trajectory using the post-failure control
(48) and adversarial disturbances (49), along with an
outer-approximation of the one-step forward reach set
A2+ Breemr (Zi)e) + P As expected, the abort-safety
requirement (45) is satisfied at all times t € N7, ). As
the spacecraft approaches the target, we observe that the
conservativeness of our enforcement of the abort-safety
requirement (45) via Prop. 7 causes the abort trajec-
tories to cluster in front of the keep out set D. In ac-
tual rendezvous missions, the spacecraft would receive a
go/no-go decision for docking as it nears the target.

Fig. 7 shows the evolution of the distance to the target
set (in log-scale) and the cumulative Av expended over
the course of the rendezvous, as well as the computation
time spent solving (47) at each time step ¢ € Ny, .
The rendezvous trajectory initially uses moderately high
control inputs Av to steer the spacecraft towards the tar-
get while satisfying the abort-safety requirements, and
then utilizes the momentum to reach the target set with
minimal additional control inputs, as expected. The ren-
dezvous trajectory maintains abort-safety using the con-
strained zonotope-based constraints computed with the
method proposed in this paper.


https://youtu.be/6BPmHgxD3OI

8 Conclusion

We presented novel theory and algorithms to approxi-
mate the Pontryagin difference between a constrained
zonotopic minuend and a symmetric, convex, and com-
pact subtrahend. For broad classes of subtrahends,
our approach admits closed-form expressions for the
inner-approximation. We use these algorithms for a
tractable and scalable computation of an inner-(and
outer-)approximation of the robust controllable set for
discrete-time linear systems with additive disturbance
sets that are symmetric, convex, and compact and sub-
ject to linear state and input constraints. We showed
by numerical simulations that the proposed approach
provides non-trivial inner-approximations of the RC
sets with significantly shorter computation times than
the previously published methods.

A  Proofs
A.1  Proof of Prop. 1

Proof of 1) Assume for contradiction that, G¢ does not
have full row rank for some full-dimensional constrained
zonotope C = (G¢, co, Ac, be). Then, there exists a vec-
tor ag. € R", ag, # 0 such that agCGC = 0. From
(2), for every x € C, there exists £ € Bo(Ac,be) such
that Gc§ = = — co. Consequently, C C {z | ag v =
ag,co} since af (x — co) = af, Ge€ = 0 for every
x € C.In other words, the affine dimension of C is smaller
than n. However, this is a contradiction since C is full-
dimensional. Thus, G¢ has full row rank for every full-
dimensional C = (G¢, cc, Ac, be).

Proof of 3) We now show that Algo. 1 converts any
full-dimensional ¢ = (G¢,cc,Ac,bc) into a MIN-
Row representation. From 1), G, = G¢ has full
row rank. Consider A, b, in Step 2 of Algo. 1 with
(AL, bl,] € RMcx(Ne+l) Then, M/, = rank([AL, bj]) =
rank([Ac,bc]) < Me. It suffices to show that C =
(Gey o, Ay, bp) and [Ge; A has full row rank.

Without loss of generality, assume that Aj, b, are
the first M{, rows of [A¢, bc]. Since rank([Ac,bc]) =
rank([A, bi]), every row of [Ac,be] is a linear com-
bination of the rows of [A},b,]. In other words, there
exists £ € RMo-Mc)xMc" guch that [Ag,be] =
[Inmor; E)[AG, bp]. The matrix [y /; E] has full column
rank implying that [Ip.; E]ly = 0 if and only if y =
0 [21, Ch. 11]. Thus, {€ | Acé = bo} = {€ | ALE = b},
since for any ¢ such that Ac€ = be, [Ac,bel[€;—1] =
0 & [Iner; E][Ag, bell6 —1] = 0 & [Aq, be][§; —1] =
0. Therefore, Boo(Ac,bc) = Boo(Ap,b) and C =
(Ge,co, Ac,be) = (Go, co, A, b).

Since full-dimensional constrained zonotopes are non-
empty, {¢ | Ap¢ = by} is non-empty and rank(Ay) =
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rank([Ay, b]) = M{.. Assume, for contradiction, that
the matrix [G¢; Ap] has linearly dependent rows. In
other words, there exists 51 € R, 51 # 0 and py €
RMc' B, £ 0 s.t.,

81,85 [[Ge; Apl =0= B G + 8; Ap =0 (A1)
We know B Ge # 0 and 85 A, # 0, since rows of
G¢ and Ay, are linearly independent among themselves.
From (1b), for all # € C, there exists £ € RV¢ s.t.,
(Ges ALE = o — cosbis] and [l€ls < 1. (A2)
By (A1) and (A2),C C {x | B{ (x —cc) + By by =
0}, which is a contradiction since C is full-dimensional.
Thus, all rows of [G¢; Af] are linearly independent, and
(G, co, Ay, b)) is a MINROW representation of C.

Proof of 2) Since constrained zonotopes are a repre-
sentation of polytopes [5, Thm. 1], the proof of 3) also
shows that every full-dimensional polytope admits a
MiNRoOW representation. We now show that the reverse
is also true, i.e., any non-empty polytope C in MINROwW
representation (G¢, cc, Ac, be) is full-dimensional. As-
sume, for contradiction, that C is not full-dimensional.
Then, there exists an affine set characterized by
a€R" a#0and 8 € Rsuch that C C {z | aT2 = 3}.
Since C is non-empty, C = CN{z | a'z = B}.
From [6], C = (G¢,cc, [Ac;a Gel, [be; B — a'ec]) =
(Ge,co,Ac,be). Consequently, there exists some
v € RMc ~ +£ 0 such that a'Ge = v Ac and
B —a'cc = v"be, a contradiction since [G¢; Ac] has
full row rank. Thus, C is full-dimensional, which com-
pletes the proof.

Proof of 4) Algo. 2 follows the steps of [5, Thm. 1] with
the zonotope Z in Step 1 defined as a rectangular outer-
approximation with C C {z € R" | | < z < u}, and
o € REe defined in Step 2 using (4) such that P = {z €
Z| o< Hzx <k} CR" Thus, (G¢,cc, Ac, be) defined
in Step 3 is a constrained zonotope representation of
the given H-Rep polytope C. Since C is full-dimensional,
l < wand o < k. Consequently,

; (A.3)

is a lower triangular matrix with non-zero diagonal en-
tries (and thereby, invertible). This completes the proof.

Proof of 5) Any INVERTIBLE representation satisfies

€= {23 e R, |l¢]l <1, [Gei Ac)€ = [z — coibel }
= {JJH‘[G(,*;AC]_l [ — cc; bc]Hoo < 1}- (A4)

We obtain (18) by rearranging terms in (A.4). O



A.2  Proof of Prop. 8

Since C is full-dimensional, it is non-empty. From (1b)
and strong duality (via refined Slater’s condition [22]),

sup yT[x —cosbo] <1 (A.5)

ver"tMc
IGesAc] Tv|, <1

For every i € Njj.n,, define v/ as the minimum-norm
solution to [G¢; Ac] v = e;. By Prop. 1.2, v} is available
in closed-form, where

vl = ([Gc;Ac][Gc;Ac]T)il[Gc;Ac]ei = ([GC;AC]T)T@,

for every i € Nj1.n.1. Step 1 of Algo. 4 (see (35)) rescales
vl to ensure that [Gc,Ac]TV; has a unit ¢;-norm to

obtaln v;'. Thus, +v,| are feasible for (A.5) for every
i€ N[l.Nc] and using (A.5),

CCPE{x| HVT[HU—Cc;bCH|OO§1}, (A.6)
with V' = [v;...; v}, ] Steps 2, 3 of Algo. 4 define P =

{z | Hx < k} with H € R?Ncx" and k € R?Ne, O
A.8  Proof of Prop. 5

From (A.4), an INVERTIBLE representation C may also
be expressed as the following H-Rep polytope,
v e {—1,1},

C=<z . A7
{ [l'Cc;bc]Sl} ( )

Here, v; defined in Step 1 of Algo. 4 also simplifies to
el [Ge; Ac] ™" when [Go; Ac] is invertible [21, Sec. 11.5].
Thus, Algo. 4 returns a H-Rep polytope P that coincides
with (A.7) (thereby, equal to C). The proof is completed
with the observation that (A.7) is identical to (A.4). O

Vi e N [1:N¢]»
de] [Gei Ac)™

A.J  Proof of Prop. 6

FEzactness of M™) As seen from Prop. 5, Algo. 4 com-
putes an exact H-Rep polytope, given an INVERTIBLE
representation C. Since the rest of steps of Algo. 5 are
exact, MT =CoS.

Ezactness of M~ ) For an INVERTIBLE representation C,
T" prescribed by Prop. 2 is

I' = [Ge; Ac)  In; Ong xn)s (A.8)

by [21, Sec. 11.5]. We show that M =C © S is an affine
transformation of Cy, defined in the proof of Thm. 1 (see

(21)).
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Vs € Sp, Vi € Njj.y.1, V6 € {—1,1},
o [1:Ng] { } (A.9)
6€I[Gc;AC]71[J}+S+CS —co3bc] <1

Vs € So, Vi € Nj1.nps V6 € {—1,1}, }

de] (Tz+TDs+[Go; Ac] ™ H—cp—;be]) <1

(A.10)

{ Vi € N[liNc]7 v e {-1,1}, }

5«3%.T (Fm + [GC;AC]fl[—ch;bC}) <1-ps, (T'Te;)

(A.11)
LTz +[Geo; Ac] H—cp—; bel,
3 [Geo; Ac]™ [—ep-3bc] (A12)
Vi € Nping)s V6 € {=1,1}, de] € < Dy;
Got+ ey =a, Act = be,
c€+epy z, Acf =bc (A13)
Vi € N[l:Nc]v V6 € {717 1}7 66:5 <Dy
={Gct+cy- | Ac€ =bc, Vi € Njing), lef € < Dis}
—GeCp ey =M. (A.14)

Here, (A.9) follows from (6d) and (A.7) in Sec. A.3,
(A.10) follows from (A.8), (A.11) follows from encoding
the condition for all s € Sy using the support function
of S, (A.12) follows from the definition of D;; in (20),
(A.13) follows from expressing & as a solution of lin-
ear equations [G¢; Ac)€ = [x — ¢pr-; be] with invertible
[Ge; Acl, and (A.14) follows from the definition of Cy,
in (29) (see the proof of Thm. 1). Consequently, for an
INVERTIBLE representation C, Prop. 2 provides an exact
characterization of C © S. O

A.5  Proof of Prop. 7

From [27, Thm. 2.1(iii)], / & V) &V C U for any sets
U,V. Let a failure occur at some time s € N. Using
(44) and [27, Thm. 2.1(iii)], for some i € N1z, 1, 2415 =
xs € K(s, Tsate, ’H? O Eoffonom) © Eoffnom, Which implies
that 2y, € K(5, Tsates HS © Eoft-nom)- From Defn. 2, for
every time step k € Niggy71,, ], there exists m, € II
such that Upls = ﬂk(2k|s) € Usfinom Steers the state
estimate according to the dynamics (43) to satisfy 2, €

’HE O Eoff-nom, despite the disturbance ¢y, € ®. By (44)
and [27, Thm. 2.1(iii)], Zxs € H} © Eoftnom implies that

Zk|s € HC (and thereby, zg)s € D) for all k € N, g_s_Tsafe],
which completes the proof.
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