
MITSUBISHI ELECTRIC RESEARCH LABORATORIES
http://www.merl.com

Two-Way Cognitive Relay Networks with
Multiple Licensed Users

Kim, K. J.; Duong, T. Q.; Elkashlan, M.; Yeoh, P.L.; Nallanathan, A.

TR2013-080 December 2013

Abstract

This paper tackles the important question of how to compensate the inherent spectrum efficiency
loss in cognitive relay networks. Particularly, by considering two-way cognitive relaying, we
seek to enhance the performance of the secondary network in terms of the reliability due to lim-
ited transmit power, and the spectral efficiency of the half-duplex dual-hop relay transmission.
We derive new closed-form expressions for the outage probability of a cognitive relay network
with two way communications in the presence of multiple primary users. Our expressions ac-
curately take into account the impact of the maximum allowable interference constraint at the
primary userson the secondary network.

IEEE Global Communications Conference (GLOBECOM)

This work may not be copied or reproduced in whole or in part for any commercial purpose. Permission to copy in whole or in part
without payment of fee is granted for nonprofit educational and research purposes provided that all such whole or partial copies include
the following: a notice that such copying is by permission of Mitsubishi Electric Research Laboratories, Inc.; an acknowledgment of
the authors and individual contributions to the work; and all applicable portions of the copyright notice. Copying, reproduction, or
republishing for any other purpose shall require a license with payment of fee to Mitsubishi Electric Research Laboratories, Inc. All
rights reserved.

Copyright c©Mitsubishi Electric Research Laboratories, Inc., 2013
201 Broadway, Cambridge, Massachusetts 02139



MERLCoverPageSide2



Two-Way Cognitive Relay Networks with Multiple

Licensed Users

Kyeong Jin Kim∗, Trung Q. Duong†, Maged Elkashlan‡, Phee Lep Yeoh§, Arumugam Nallanathan¶
∗Mitsubishi Electric Research Laboratories (MERL), Cambridge, MA, USA (e-mail: kkim@merl.com)

†Blekinge Institute of Technology, Sweden (e-mail: quang.trung.duong@bth.se)
‡Queen Mary, University of London, London, United Kingdom (e-mail: maged.elkashlan@eecs.qmul.ac.uk)

§University of Melbourne, Melbourne, Australia (e-mail: phee.yeoh@unimelb.edu.au)
¶King’s College London, London, United Kingdom (e-mail: arumugam.nallanathan@kcl.ac.uk)

Abstract—This paper tackles the important question of how
to compensate the inherent spectrum efÞciency loss in cognitive
relay networks. Particularly, by considering two-way cognitive
relaying, we seek to enhance the performance of the secondary
network in terms of the reliability due to limited transmit
power, and the spectral efÞciency of the half-duplex dual-hop
relay transmission. We derive new closed-form expressions for
the outage probability of a cognitive relay network with two-
way communications in the presence of multiple primary users.
Our expressions accurately take into account the impact of the
maximum allowable interference constraint at the primary users
on the secondary network.

I. INTRODUCTION

With the exponentially increasing demand of mobile mul-

timedia applications, wireless operators are faced with the

challenge of a shortage of radio frequency spectrum. However,

it has been shown in recent measurement campaigns that the

frequency spectrum is not being efÞciently utilized. Cognitive

radio technology, proposed by Mitola over a decade ago [1],

is an excellent solution to alleviate this frequency spectrum

under-utilization. The most commonly used spectrum-sharing

approach in cognitive radio networks is the underlay approach,

where the secondary user (SU) is allowed to concurrently

occupy the same frequency band as the primary user (PU)

provided that the SU does not inßict harmful interference on

the PU. With this strategy, the maximum transmit power at

the SU is governed to remain below a predeÞned threshold.

As such, the secondary network suffers a loss in performance

compared to its non-cognitive counterpart, especially in severe

pathloss and shadowing environments.

Against this background, cooperative communications is a

promising solution to enhance wireless reliability and coverage

[2], [3]. Due to the transmit power constraints at the secondary

networks, satisfying the high QoS demand for multimedia

services at the SU while limiting the interference at the PU is

daunting. By interconnecting cooperative communications and

cognitive radio networks, it is envisioned that the important

problem of contemporary wireless networks can be solved,

i.e., performance enhancement for wireless systems under

scarce spectrum usage. As a result, the concept of cognitive

cooperative communications has attracted both academic and

industry attention as an efÞcient means to arrest the signal

degradation in the secondary network.

The performance of cognitive cooperative communications

has attracted much attention in recent works. Among them,

the performance of cognitive cooperative communications with

decode-and-forward (DF) relays was considered in [4], [5]. In

addition, the outage probability of cognitive relay networks

with amplify-and-forward (AF) relaying was presented for

Rayleigh and Nakagami-m fading channels in [6] and [7],

respectively. Although the one-way cognitive cooperative com-

munications can cope with the reliability degradation of sec-

ondary networks, its spectral efÞciency is limited by the pre-

log factor of 1
2 due to half-duplex dual-hop communications.

The two-way relaying technique has been discovered to

compensate this loss by allowing two users to simultaneously

communicate with each other through the assistance of a half-

duplex relay [8]. Although two-way relaying has gained a

lot attention, its impact has been only considered in non-

cognitive networks [9]–[14]. As such, in this paper, we take

a step forward to examine the advantage of two-way relaying

in cognitive networks with a three-fold purpose to: i) enhance

the spectrum utilization using cognitive radio, ii) enhance the

reliability due to limited transmit power at the SU using relay

networks, and iii) enhance the spectral efÞciency of half-

duplex cognitive relay networks using two-way transmission.

With this in mind, we propose cognitive relay networks

with two-way communication and derive new closed-form

expressions for the outage probability under the maximum

allowable interference constraint at the primary network with

multiple primary users.

Notation: The superscript (·)H denotes complex conjugate

transposition; E{·} denotes expectation; CN
(
µ, σ2

)
denotes

the complex Gaussian distribution with mean µ and variance

σ2; Fϕ(γ) denotes the cumulative distribution function (CDF)

of the random variable (RV) ϕ; The probability density func-

tion (PDF) of ϕ is denoted by fϕ(x). The binomial coefÞcient

is denoted by nCk
△
= n!

(n−k)!k! .

II. SYSTEM AND CHANNEL MODEL

We propose a two-way cognitive relay network with K
multiple PUs equipped with single antennas coexistent in

the same frequency band. We consider two scenarios in the

secondary network: 1) two users U1 and U2 communicating

via an intermediate relay R, and 2) two user groups X1 =
{U1,1, ...,U1,M} and X2 = {U2,1, ...,U2,N} communicating



via an intermediate relay R. In these scenarios, we consider

the following assumptions.

Assumption 1: All channels in the proposed network follow

independent Rayleigh fading, such that the channel power

|h|2 for a fading channel h has a chi-squared distribution

with two degrees of freedom. We denote |h|2 ∼ χ2(2, λ|h|2),

where λ|h|2
△
=E{|h|2}. The PDF and the CDF of γ|h|2 are,

respectively, given as

f|h|2(x) =
1

λ|h|2
e
− x

λ
|h|2 U(x) and

F|h|2(x) = 1− e
− x

λ
|h|2 U(x) (1)

where U(·) denotes the discrete unit step function.

Assumption 2: For two user groups X1 = {U1,1, ...,U1,M}
and X2 = {U2,1, ...,U2,N}, the channel between the users

in X1 and R is assumed to experience identically distributed

fading. The channel between the users in X2 and R is also

assumed to experience identically distributed fading.

A. Transmission under maximum allowable interference con-

straint with two users U1 and U2

Under a maximum allowable interference constraint Ip at all

the PUs, the transmit power allocation at U1
△
=U1,1, U2

△
=U2,1,

and R are deÞned as

PU1 =
Ip

maxj=1,...,K{|g
j
1|

2}
, PU2 =

Ip

maxj=1,...,K{|g
j
2|

2}
,

and PR =
Ip

maxj=1,...,K{|h
j
0|

2}
. (2)

The received signal at the relay in the Þrst multiple access

channel (MAC) phase is given by

yR =

√
PU1

2
h1x1 +

√
PU2

2
h2x2 + nR (3)

where x1 and x2 are transmission symbols from U1 and U2,

respectively. We also assume that E{x1} = E{x2} = 0, and

E{|x1|2} = E{|x2|2} = 1. The additive noise at the relay

node is denoted by nR ∼ CN (0;σ2
n).

The received signals, respectively, at U1 and U2 in the

second broadcast channel (BC) phase, are given by

yU1 = h1G

√
PU2

2
h2x2 + h1GnR + nU1 and

yU2 = h2G

√
PU1

2
h1x1 + h2GnR + nU2 (4)

where G is the relay gain of the AF protocol, nU1 ∼
CN (0;σ2

n), and nU2 ∼ CN (0;σ2
n). Note that in (4), we

assume channel reciprocity and perfect self interference can-

cellation for exposition simplicity. The AF relay gain is

computed as follows:

G =

√
PR

PU1 |h1|2/2 + PU2 |h2|2/2 + σ2
n

. (5)

Applying (5) into (4), the end-to-end signal-to-noise ratios (e-

SNRs) for links U1 → R→ U1 and U2 → R→ U2 are given

by

γU1

△
=

PR|h2|2PU1 |h1|2/2

PR|h2|2σ2
n +

PU1

2 |h1|2σ2
n +

PU2

2 |h2|2σ2
n + σ4

n

and

γU2

△
=

PR|h1|2PU2 |h2|2/2

PR|h1|2σ2
n +

PU1

2 |h1|2σ2
n +

PU2

2 |h2|2σ2
n + σ4

n

. (6)

B. Transmission under maximum allowable interference con-

straint with two user groups X1 and X2

To choose two individual users from X1 and X2, we

propose partial best user selection (PBUS), which uses channel

information from users to the relay. Our proposed scheme is

less complicated compared to other schemes such as [15], [16]

which require the end-to-end dual-hop instantaneous channel

state information (CSI) for the selection. Note that in PBUS,

same training symbols are used by all users. According to

PBUS, two users U1 and U2 are selected using the following

selection criterion

p∗ = maxargp∈[1,M ](|h1,p|
2),U1

△
=U1,p∗ , and

q∗ = maxargq∈[1,N ](|h2,q|
2),U2

△
=U2,q∗ (7)

where h1,p and h2,q denote channels from U1,p to R and U2,q

to R, respectively.

III. DISTRIBUTION OF THE SNR OF THE TWO-WAY

COGNITIVE RELAY NETWORK

In the high SNR region, we have the following approxi-

mated forms and upper bounds on the e-SNRs

γU1 ≈
PR

PU1

2 + PR

(
PU1

2 + PR)X1
PU2

2 X2

(
PU1

2 + PR)X1 +
PU2

2 X2

≤ min

(
PRX1,

PRPU2

PU1 + 2PR
X2

)
△
=γup

U1
and

γU2 ≈
PR

PU2

2 + PR

(
PU2

2 + PR)X2
PU1

2 X1

(
PU1

2 + PR)X1 +
PU2

2 X2

≤ min

(
PRX2,

PRPU1

PU2 + 2PR
X1

)
△
=γup

U2
(8)

where X1
△
= |h1|

2

σ2
n

and X2
△
= |h2|

2

σ2
n

. Applying (2) into (8), we

have

γup
U1

= min

(
Ĩp

H2G1

(H0 + 2G1)G2
, Ĩp

H1

H0

)
and

γup
U2

= min

(
Ĩp

H1G2

(H0 + 2G2)G1
, Ĩp

H2

H0

)
(9)

where Ĩp
△
=

Ip

σ2
n
. Using Assumption 1, we proceed to derive the

CDFs of γup
U1

and γup
U2

. To simplify our notation, we also deÞne

the following

H0
△
=max{|hj

0|
2}K

j=1, H1
△
=|h1|

2, H2
△
=|h2|

2,

G1
△
=max{|gj

1|
2}K

j=1, and G2
△
=max{|gj

2|
2}K

j=1. (10)



We Þrst derive the particular distributions for the RVs H0,

G1, and G2. The corresponding CDFs is presented in the

following lemma.

Lemma 1: When |gj
1|

2 ∼ χ2(2, λ
G

j
1
) with λ

G
j
1

△
=E{|gj

1|
2},

the CDF of G1 is given by

FG1(x) = 1−
K∑

k=1

(−1)k+1

k!

K∑

n1=1

· · ·
K∑

nk=1︸ ︷︷ ︸
|n1

⋃
n2

⋃
···

⋃
nk|=k

e
−

∑K
t=1

1
λ

G
j
1

x

= 1−
∑̃

1

[
e
− 1

λG1
x
U(x)

]
(11)

where |n1

⋃
n2

⋃
· · ·

⋃
nk| denotes the cardinality

of the union of k indices. Also, we deÞne

∑̃
1 [·]

△
=

K∑

k=1

(−1)k+1

k!

K∑

n1=1

· · ·
K∑

nk=1︸ ︷︷ ︸
|n1

⋃
n2

⋃
···

⋃
nk|=k

[
·
]

and

1
λG1

△
=

∑k1

t=1
1

λ
G

nkt
1

. Similarly, the CDFs of G2 and H0

are respectively given by

FG2(x) = 1−
∑̃

2

[
e
− 1

λG2
x
U(x)

]
and

FH0(x) = 1−
∑̃

3

[
e
− 1

λH0
x
U(x)

]
(12)

where
∑̃

2 [·] and
∑̃

3 [·] are similarly deÞned as
∑̃

1 [·]

with 1
λH0

△
=

∑k2

t=1
1

λ
H

nkt
0

and 1
λG2

△
=

∑k3

t=1
1

λ
G

nkt
2

, where

λ
H

j
0

△
=E{|hj

0|
2} and λ

G
j
2

△
=E{|gj

2|
2}.

Proof: The proof is provided in Appendix A.

From Lemma 1, the PDFs of G1, G2, and H0 are respectively

given by

fH0 (x) =
∑̃

3

[e
− 1

λH0
x
U(x)

λH0

]
, fG1 (x) =

∑̃
1

[e
− 1

λG1
x
U(x)

λG1

]
,

and fG2 (x) =
∑̃

2

[e
− 1

λG2
x
U(x)

λG2

]
. (13)

A. Derivation of the distribution of the e-SNR with two users

U1 and U2

Due to the symmetric upper bounds on the e-SNRs in the

functions of (H2, G1) and (H1, G2), we will focus on the

derivation of the CDF of γup
U1

, which is deÞned as

Fγ
up
U1
(γ) = EH0{Fγ

up
U1
(γ|H0)}

= 1−
(
1− EH0

{
Fγ1

(
γ
∣∣H0

)}) (
1− EH0

{
Fγ2

(
γ
∣∣H0

)})
(14)

where γ1
△
=Ĩp

H2G1

(H0+G1)G2
and γ2

△
=Ĩp

H1

H0
.

Next, we compute the conditional CDF Fγ1(γ|H0), which

is evaluated as

Fγ1(γ|H0) = Pr
(
H2 < (γG2(H0 + 2G1)/ĨpG1)

∣∣H0

)

= 1−
∑̃

1

∑̃
2

∑̃
3

[
β1(γ)− α11(γ)

β1(γ)H0e
α11(γ)H0Γ (0, H0α11(γ))

]
(15)

where Γ(·, ·) denotes the incomplete gamma function.

Also, we deÞne α11(γ)
△
=

λG2γ

λG1 (2γλG2+λH2 Ĩp)
and

β1(γ)
△
=

λH2 Ĩp

(2γλG2+λH2 Ĩp)
. The derivation of (15) is further

detailed in Appendix B. We also derive the conditional CDF

Fγ2(γ|H0) as

Fγ2(γ|H0) = Pr
(
(H1Ĩp)/H0 < γ

∣∣H0

)

= Pr
(
H1 < (γH0)/Ĩp

∣∣H0

)

= 1− e
−

γH0
λ̃H1

Ĩp . (16)

Using (15) and (16), Fγ
up
U1
(γ|H0) is evaluated as

Fγ
up
U1
(γ|H0) = 1− (1− Fγ1(γ|H0)) (1− Fγ2(γ|H0))

= 1−
∑̃

1

∑̃
2

∑̃
3

[
β1(γ)e

−
γH0

λH1
Ĩp − α11(γ)β1(γ)H0

eα11(γ)H0Γ (0, H0α11(γ)) e
−

γH0
λH1

Ĩp

]
. (17)

Based on the property of Fγ
up
U1
(γ) = EH0{Fγ

up
U1
(γ|H0)},

we present our result for Fγ
up
U1
(γ) in the following theorem.

Theorem 1: The CDF of an upper bound on user e-SNR,

achieved by two-way transmission is given in (18) at the top

of the next page. In (18), we deÞned α12(γ)
△
= 1

λH0
+ γ

λH1 Ĩp
.

Proof: The proof is provided in Appendix C.

According to Theorem 1, Fγ
up
U2
(γ) can be easily derived by

deÞning β2(γ)
△
=

λH1 Ĩp

(2γλG1+λH1 Ĩp)
, α21(γ)

△
=

λG1γ

λG2 (2γλG1+λH1 Ĩp)
,

and α22(γ)
△
= 1

λH0
+ γ

λH2 Ĩp
.

B. Derivation of the distribution of the e-SNR with two user

groups X1 and X2

Considering PBUS, the CDFs of H1
△
=max{|h1,p|2}M

p=1 and

H2
△
=max{|h2,q|2}N

q=1 are given by

FH1(x)
△
= 1−

M∑

k=1

MCk(−1)
k+1e

− kx
λH1 U(x) and

FH2(x)
△
= 1−

N∑

l=1

NCl(−1)
l+1e

− lx
λH2 U(x) (19)

where λH1

△
=E{|h1,p|2}, ∀p and λH2

△
=E{|h2,q|2}, ∀q. Based

on the above, the CDF of Fγ
up
U1
(γ) is given in the following

theorem.

Theorem 2: The CDF of the upper bound on the

user e-SNR, achieved by two-way transmission is given

in (20). In (20), we deÞne β̃1(lγ)
△
=

λH2 Ĩp

(2lγλG2+λH2 Ĩp)
,

α̃11(lγ)
△
=

lλG2γ

λG1 (2lγλG2+λH2 Ĩp)
, and α̃12(kγ)

△
= 1

λH0
+ kγ

λH1 Ĩp
.

Proof: Following the proof provided in Appendix B and

Appendix C, we can readily derive (20).



Fγ
up
U1
(γ) = 1−

∑̃
1

∑̃
2

∑̃
3

[
1

λH0

β1(γ)α12(γ)
−1 −

β1(γ)α11(γ)

α11(γ)− α12(γ)

( 1

α12(γ)
+

1

α11(γ)− α12(γ)
log(

α12(γ)

α11(γ)
)
)]

.(18)

Fγ
up
UPBUS,1

(γ) = 1−
M∑

k=1

N∑

l=1

MCkNCl(−1)
k+l+2

∑̃
1

∑̃
2

∑̃
3

[
1

λH0

β̃1(lγ)α̃12(kγ)−1

−
β̃1(lγ)α̃11(lγ)

α̃11(lγ)− α̃12(kγ)

( 1

α̃12(kγ)
+

1

α̃11(lγ)− α̃12(kγ)
log(

α̃12(kγ)

α̃11(lγ)
)
)]

. (20)

IV. OUTAGE PROBABILITY ANALYSIS

In this section, we deÞne two outage probabilities: 1)

user outage probability for U1 or U2, and 2) system outage

probability.

A. Outage probability with two users U1 and U2 under

maximum allowable interference constraint

The user outage probability is given by

P out
U1

(γth) = Pr (γU1 < γth) ≥ Pr
(
γup
U1

< γth

)

= F up
γU1

(γth)
△
=P out,lo

U1
(γth) (21)

where γth is a Þxed e-SNR threshold causing an outage event.

Similarly, we can have P out
U2

(γth) ≥ F up
γU2

(γth)
△
=P out,lo

U2
(γth).

Using Theorem 1, lower bounds on the user outage probabil-

ities are given in (22) at the top of the next page. The exact

system outage occurs when the minimum e-SNR between U1

and U2 is below γth. Thus,

P out
sys

△
=Pr (min(γU1 , γU2) < γth) . (23)

Since the exact CDFs for γU1 and γU2 are dependent on each

other, it is infeasible to derive the system outage in (23). Thus,

we will compute the system outage probability numerically in

the simulations.

B. Outage probability with two user groups X1 and X2 under

maximum allowable interference constraint

Based on the CDFs of the upper bounds on the user e-SNR

for PBUS, the lower bound on the user outage probability can

be derived by applying a similar approach as in the derivation

of P out,lo
U1

(γth) in (22).

V. NUMERICAL EXAMPLES

In the numerical examples, we assume that U1 and U2 are

coordinated at [0, 0] and [0, 1], respectively. The relay node R
is located between U1 and U2. The PUs are located at [Px, Py].
As a pathloss model, we adopt an exponentially decaying

model whose channel mean power is inversely proportional to

the distance between two nodes. We also consider a pathloss

exponent of four. In the following Þgures, the curves obtained

from actual link simulations are denoted by Ex, whereas

analytically derived curves are denoted by An. To obtain the

outage probability, we consider a Þxed γth = 1 dB.
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Fig. 1. CDFs of upper bounds on user e-SNRs for K = 1 and K = 3.

In Fig. 1, we show the accuracy of the derived CDFs for

user e-SNRs at Ip = 3 dB. In this Þgure, we assume K = 1
and K = 3 PUs coordinated at PU1 = [0.7, 0.3], and {PU1 =
[0.7, 0.3],PU2 = [0.3, 0.7],PU3 = [0.5, 0.9]}. The relay node

is coordinated at [0.5, 0]. With nonidentical distance between

U1 and PUs and U2 and PUs, Fγ
up
U1
(γ) is seen to be different

from Fγ
up
U2
(γ).

In Fig. 2, we show the outage probabilities for various

number of PUs. The PUs are assumed to be coordinated at

the same places as in Fig. 1. This Þgure shows a good match

between simulations and analysis. As the number of PUs

increases, the outage probability increases. For K = 1, since

PU1 is near U2, the outage probability of U2 is worse than

that of U1.

In Fig. 3, we compare the system outage probability P out
sys

for K = 1 and K = 3 with P out
U1

(γth) and P out
U2

(γth).

Tight lower bounds for P out,lo
U1

(γth) and P out,lo
U2

(γth) can be

seen from this Þgure. As K increases, discrepancy between

min(P out,lo
U1

(γth), P
out,lo
U2

(γth)) and P out
sys increases. This Þg-

ure shows a good match between simulation and analysis. As

the number of PUs increases, a worse outage probability is

obtained. For K = 1, since the PU1 is near U2, the outage



P out,lo
U1

(γth) = 1−
∑̃

1

∑̃
2

∑̃
3

[
β1(γth)
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( 1

α12(γth)
+
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α11(γth)− α12(γth)

)]
. (22)
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Fig. 2. User outage probability for various values of K .
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Fig. 3. User outage probability for various values of K .

probability of U2 is worse than than of the U1.

In Fig. 4, we show the outage probability for various values

of M and N . We highlight that for K = 2 as either M or N
increases, a lower outage probability is obtained using PBUS.

VI. CONCLUSIONS

We derived the user outage probability for two-way relay

transmissions in cognitive spectrum sharing with multiple

primary users. Under a maximum allowable interference con-

straint at the PUs, upper bounds on the user e-SNRs were

derived for two scenarios in the secondary network: 1) two

users communicating via an intermediate relay, and 2) two user

groups with PBUS communicating via an intermediate relay.
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Fig. 4. User outage probability for various values of M and N . Two PUs
are assumed in the system.

Based on these, lower bounds on the user outage probabilities

were derived and veriÞed via simulations.

APPENDIX A: DETAILED DERIVATION OF LEMMA 1

Due to independent fading for all links from U1 to the kth

PU, the CDF of G1 = maxk=1,··· ,K{|g1
1|

2, ..., |gK
1 |

2} is given

by FG1(x) =
∏K

j=1 F
G

j
1
(x)U(x) =

∏K

j=1(1−xj)U(x), where

xj
△
=e

− 1
λ

G
j
1

x

. With some manipulations, we can see that

K∏

j=1

(1− xj) = 1 +
K∑

j=1

(−1)j

j!

K∑

n1=1

· · ·
K∑

nj=1︸ ︷︷ ︸
|n1

⋃
n2

⋃
···

⋃
nj |=j

j∏

t=1

xnt
.(A.1)

Replacing xj with its deÞnition, we can prove (11).

APPENDIX B: DETAILED DERIVATION OF (15)

We start the computation of

Pr
(
H2 < γG2(H0 + 2G1)/ĨpG1|H0

)

=

∫ ∞

0

∫ ∞

0

FH2(γb(H0 + 2a)/Ĩpa)fG1(a)fG2(b)dadb

= 1−
∑̃

1

∑̃
2

[ 1

λG2λG1∫ ∞

0

∫ ∞

0

e
− 1

λH2

γb(H0+2a)

Ĩpa e
− a

λG1 e
− b

λG2 dadb

= 1−
∑̃

1

∑̃
2

[
λH2 Ĩp

λG1

∫ ∞

0

(
ae
− a

λG1

a(2γλG2λH2 Ĩp) + λG2H0γ

)
da

]
. (B.1)



To compute (B.1), we need to use F1 =
∫∞
0

xe−ax

cx+d
dx,

where a, c, d > 0. Using [17, Eqs. (3.353.3), (8.350.2), and

(8.211.1)], F1 becomes

F1 =
1

ac
+

de
adx

c

c2
E1

(
−

adx

c

)
=

1

ac
−

de
ad
c

c2
Γ

(
0,

ad

c

)
(B.2)

where E1(·) denotes the exponential integral function of order

1. Using (B.2), (B.1) is equivalent to the following:

Pr
(
H2 < γG2(H0 + 2G1)/ĨpG1|H0

)
= 1−

∑̃
1

∑̃
2

[
λH2 Ĩp

(2γλG2 + λH2 Ĩp)
−

IpλH2λG2H0γ

λG1(2γλG2 + λH2 Ĩp)2

e

λG2
H0γ

λG1
(2γλG2

+λH2
Ĩp)Γ

(
0,

λG2H0γ

λG1(2γλG2 + λH2 Ĩp)

)]

= 1−
∑̃

1

∑̃
2

[
β1(γ)−

α11(γ)β1(γ)H0e
α11(γ)H0Γ (0, H0α11(γ))

]
. (B.3)

APPENDIX C: PROOF OF THEOREM 1

Since Fγ
up
U1
(γ) = EH0{Fγ

up
U1
(γ|H0)}, we have

Fγ
up
U1
(γ) = 1−

∑̃
1

∑̃
2

[∫ ∞

0

β1(γ)e
− γg

λ̃H1
Ĩp

1

λH0

e
− g

λH0 dg

︸ ︷︷ ︸
I1

−

∫ ∞

0

α11(γ)β1(γ)geα11(γ)gΓ (0, gα11(γ))

λH0

e
− γg

λ̃H1
Ĩp e

− g
λH0 dg

︸ ︷︷ ︸
I2

]

(C.1)

where I1 becomes

I1 =
β1(γ)

λH0

(
γ

λH1 Ĩp

+
1

λH0

)−1

. (C.2)

The computation of I2 can be evaluated by applying the

following integration:

F2 =

∫ ∞

0

axe(a−b)xΓ(0, ax)dx =
a

2b2 2F1

(
1, 2, 3;

b− a

b

)
(C.3)

where 2F1 (·, ·; ·; ·) denotes the Gauss hypergeometric func-

tion. Since z2F1 (1, 2; 3; z) = −2 (1 + 1/z log(1− z)), we

have an alternative form for F2 using an elementary function

as follows:

F2 = a/(b(a− b)) + (a log (b/a))/(a− b)2. (C.4)

Using (C.4), I2 is given by

I2 =
β1(γ)

λH0

α11(γ)

(α11(γ)− α12(γ)))

[
1

α12(γ)
+

1

(α11(γ)− α12(γ))
log

(
α12(γ)

α11(γ)

)]
. (C.5)

Collecting eqs. (C.2) and (C.5), we can arrive at the closed-

form expression of Fγ
up
U1
(γ). Similarly, we can derive Fγ

up
U2
(γ)

by symmetry between Fγ
up
U2
(γ) and Fγ

up
U1
(γ).
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