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Abstract
This paper proposes a two-level hybrid state estimation method for power systems with
SCADA and PMU measurements. A power system is decoupled into PMU observed areas
and SCADA observed areas based on its system measurement configuration and topology
connectivity, and the states of areas are solved by a two-level computational procedure. The
first level uses PMU measurements and pseudo measurements derived from SCADA mea-
surements to formulate a linear state estimation model for each PMU observed area, from
which the states of the buses in the area are estimated. The second level uses the SCADA
measurements and pseudo measurements generated by results at the first level to formulate a
nonlinear state estimation model for each SCADA observed area. The weighted least square
method is used to solve the models at the two levels. Test results on an IEEE 14 bus sys-
tem and an IEEE 118 bus system are given to demonstrate the effectiveness of the proposed
method.
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Abstract--This paper proposes a two-level hybrid state 

estimation method for power systems with SCADA and PMU 
measurements. A power system is decoupled into PMU 
observed areas and SCADA observed areas based on its system 
measurement configuration and topology connectivity, and the 
states of areas are solved by a two-level computational 
procedure. The first level uses PMU measurements and pseudo 
measurements derived from SCADA measurements to 
formulate a linear state estimation model for each PMU 
observed area, from which the states of the buses in the area 
are estimated. The second level uses the SCADA measurements 
and pseudo measurements generated by results at the first level 
to formulate a nonlinear state estimation model for each 
SCADA observed area. The weighted least square method is 
used to solve the models at the two levels. Test results on an 
IEEE 14 bus system and an IEEE 118 bus system are given to 
demonstrate the effectiveness of the proposed method. 
 

Index Terms-- Least squares methods; Measurement; 
Phasor Measurement Units; Power Systems; SCADA Systems; 
State Estimation 

I.  INTRODUCTION 
TATE estimation is one of the critical functions of the 
power system control center of a power utility company. 

The state estimator determines the best estimate of the 
current state of the system, based on the available 
measurements from various measuring systems. 
Traditionally, the measurements are collected by 
supervisory control and data acquisition (SCADA) systems. 
SCADA  systems provide real-time snapshots of power 
flows and bus voltages, but these snapshots might not be 
taken simultaneously. Various state estimation methods 
based on SCADA measurements have been proposed [1], 
including weighted least square estimator [2]-[3], non-
quadratic estimator [4], least absolute value estimator [5], 
leverage point estimator [6], and least median of squares 
estimator[7]. Weighted least square estimators are widely 
accepted in practice. With the increasing adoption of 
synchronized phasor measurement units (PMU) in power 
systems, PMU devices are gradually becoming a common 
data source for the state estimation as well. PMUs provide 
synchronized measurements across dispersed locations, and 
furthermore, the measurement frequency and accuracy of 
PMUs are much higher than those of SCADA systems. 
Many weighted least square based methods [8]-[11] have 
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been proposed to utilize PMU measurements in the state 
estimation procedure. Some methods used PMU 
measurements only [8], and others used both SCADA and 
PMU measurements [9]-[11].  

This paper proposes a two-level hybrid state estimation 
method for power systems with SCADA and PMU 
measurements. Based on the system measurement 
configuration and topology connectivity, a power system is 
decoupled into PMU-observed areas and SCADA-observed 
areas to be solved by a two-level computational procedure.  
The first level uses PMU measurements and pseudo 
measurements derived from SCADA measurements to 
formulate a linear state estimation model in rectangular 
coordinates  for each PMU observed area, from which the 
states of buses of the area are estimated. The second level 
uses the SCADA measurements and pseudo measurements 
generated by results at the first level to formulate a 
nonlinear state estimation model in polar coordinates for 
each SCADA observed area. The weighted least square 
method is used to solve the models at the two levels. Test 
results on several  IEEE test systems including a 14-bus test 
case and a 118-bus test case are given to demonstrate the 
effectiveness of the proposed method. Compared with single 
level method in which all SCADA and PMU measurements 
are used simultaneously in the estimation model, the two-
level method reduces the computational time of state 
estimation significantly, while maintaining almost the same 
level of estimation accuracy.  

II.  THE PROPOSED METHOD 

A.  PMU and SCADA Observed Areas 
Based on the location, type and data source of available 

measurements, a power system is divided into PMU-
observed areas and SCADA-observed areas.  

For a PMU-observed area, the state of a bus is either 
directly measured by a PMU, or indirectly determined by 
the adjacent bus with PMU installation. For a SCADA-
observed area, the state of a bus is determined by the 
SCADA measurements within the area.  

State estimation is decoupled into a two-level procedure. 
The first level is to obtain the state for the PMU-observed 
areas. The second level is to obtain the states for the 
SCADA-observed areas. 

Fig. 1 shows an example construction of PMU and 
SCADA observed areas for a power system with PMU and 
SCADA measurements. In the figure, any single-line circle 
represents a SCADA-measured bus, and any double-line 
circle represents a PMU-measured bus.  Any single-line 
branch is SCADA measured, and double-line branches are 
PMU measured. Buses 1-3 are PMU-measured buses, and 
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buses 4-12 are SCADA measured one.  
 

 
Fig. 1. PMU and SCADA Observed Areas 
 

The system in Fig. 1 is replaced by two PMU-observed 
areas and two SCADA-observed areas.  

PMU observed area 1 consists of buses 1-2 and buses 4-
6, in which buses 1 and 2 are equipped with PMUs. PMU 
observed area 2 consists of bus 3 and buses 7-8, in which 
bus 3 is equipped with PMUs.  

SCADA observed area 1 consists of bus 4 and buses 7-9, 
in which bus 4 is a common bus between PMU area 1 and 
SCADA area 1. Bus 4's state is determined through a linear 
estimation model for PMU area 1 first, then taken as pseudo 
measurements to be resolved with nonlinear estimation 
model for SCADA area 1. The SCADA observed area 2 
consists of buses 5-8 and buses 10-12. Buses 5-7 and bus 12 
are boundary buses between the area and PMU area 1 and 2. 
Similarly, the states of those buses are solved first in the 
first level, and then updated in the second level solution. 

B.  Weighted least square estimation with PMU 
measurements 

For a PMU-observed area, the relationship between the 
measurements and state variables can be described as 
follows: 

eHxz +=                                         (1) 
where, z  is the measurement vector, x  is the state vector, 
H  is a constant matrix to represent the linear relationship 
of the measurements to the states, and e  is the measurement 
error vector and its covariance matrix is 
R , }{ TE eeR •= , where Te  is the transpose of vector 
e , and {.}E  stands for expectation. Assuming that the 
distribution of measurements follows a normal distribution, 
the covariance matrix is a diagonal matrix, and its i-th 
diagonal element is the variance of the i-th measurement, 

2
izσ . 
Rectangular coordinates are used to formulate the state 

estimation model for PMU-observed areas. The states for 
each PMU-observed area are represented by the real and 
imaginary parts of complex bus voltages for each bus in the 
area. 

Measurements are collected from two data sources: one is 
the group of PMU devices, and the other is the set of pseudo 
measurements derived from branch power flow 
measurements of SCADA systems. 

The PMU measurements include the real and imaginary 
parts of complex bus voltages,  real and imaginary parts of 
branch currents for lines or transformers, and real and 
imaginary parts of bus current injections. It requires all bus 
voltage and branch current measurement and their standard 
deviations to be provided in rectangular coordinates. 
However, those values are commonly collected in polar 
coordinates, and have to be converted into rectangular form 
before they are used in the state estimation procedure. 

If a required measurement variable is not available, but 
can be determined from other known actual or pseudo 
measurement variables, the following equation can be used 
to determine its standard deviation: 
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where, iz and 
izσ are the required variable and its standard 

deviation, jy  and 
jyσ are the j-th associated known 

variable and its standard deviation that is used to determine 
the required variable, f  is a scalar function to express the 
relationship between required variable and known variables 
as shown in (3):  

),...,,( 21 mi yyyfz = ,                         (3) 

jyf ∂∂ is the derivative of the required variable with 

respect to the known variable jy , and m is the total number 
of associated variables used to determine the required one. 

The pseudo measurements to be used are the branch 
currents calculated from SCADA branch power 
measurements, and the PMU measured bus voltage at the 
terminal that SCADA branch powers are measured. Based 
on the relationship between branch power, bus voltage and 
branch current, the pseudo branch current measurements can 
be easily determined. After that equation (2) can be used to 
determine the standard deviations for the pseudo current 
measurements accordingly. If the PMU bus voltage at the 
required terminal is not available, a calculated bus voltage at 
the terminal has to be determined first, and then use together 
with SCADA measurements to create the required pseudo 
branch current measurements. The PMU bus voltage and 
branch current measured at the opposite terminal of the 
branch are used to determine the calculated bus voltage and 
its standard deviation at the required terminal. 

H  is constructed based on the relationship between the 
measurement  variables and state variables. The branch 
current equations and bus current injection equations may be 
used to determine the values of its matrix elements. 

The following normal equation is used to solve for the 
system states: 

zRHGx 1−= T ,                              (4) 



  

where G  is the gain matrix, HRHG 1−= T . The sparse 
Cholesky's decomposition algorithm is used to solve the 
state estimate expressed in (4).  

The covariance of the estimate is 1)ˆ( −= GxCov . For 
simplification purposes, the standard deviation of any state 
estimate is approximately calculated as follows: 

i
T

ix x
i

)/(ˆ 1
ˆ zRH −=σ                           (5) 

where, ix̂  is the i-th state estimate, 
ix̂σ  is the standard 

deviation of the estimate,  and i
T )( 1zRH −  is the i-th 

element of right hand side of (4). 

C.  Weighted least square estimation with SCADA 
measurements 

For a SCADA observed area, the measurements z and 
state variables x can be related as follows: 

( ) exhz +=                                      (6) 

where, ( )xh  is a nonlinear relationship between the 
measurement and state variables. 

Polar coordinates are used to formulate the state 
estimation model for the SCADA observed areas.  

Measurements for the SCADA areas are mainly coming 
from the SCADA systems. The measurements to be used 
include the bus voltage magnitude, the branch active and 
reactive power flows for a line or transformer, and the bus 
active and reactive power injections.  

The other measurements to be used are coming from the 
first level estimation results, that is, the estimated voltage 
magnitude and phase angle at the boundary buses between 
the area with PMU areas. Equation (5) is used to calculate 
the standard deviations of those pseudo measurements in 
rectangular coordinates, and then equation (2) is used to 
converted them into polar coordinates.  

The state variables are the bus voltage magnitudes and 
the bus phase angles.  

An iterative procedure is used for solving (6). The normal 
equation used for solving for the state changes at each 
iteration is: 

zRHxG Δ=Δ −1T                     (7) 
where, xΔ  is the vector of state variable 
changes, ( )xhzz −=Δ  is the vector of mismatches 

between measurements and true values, xzH ∂∂=  is the 
Jacobian matrix that represents the sensitivity of 
measurement variables with respect to the state variables, 
and G  is the gain matrix, HRHG 1−= T . The branch 
power flow equations, and bus power injection equations 
may be used to formulate the Jacobian matrix. 

The sparse Cholesky's decomposition algorithm is used 
to solve for the state changes expressed in (7).  The solution 
of (7) is repeated until the state changes are small enough, or 
a given maximum iteration number is reached.  

III.  NUMERICAL EXAMPLES 
The proposed two-level state estimation has been tested 

on several IEEE test systems including a 14 bus system, and 
a 118 bus system.  

In order to demonstrate the effectiveness of the proposed 

method, both the proposed two-level method and a 
conventional single-level method are implemented and 
tested against the IEEE systems.  

The state variables of the single-level  state estimation 
method are the voltage magnitudes and phase angles of all 
buses in the systems. The measurement variables includes 
all PMU and SCADA measurements, including PMU-
measured bus voltage magnitudes and phase angles, 
SCADA-measured bus voltage magnitudes, SCADA-
measured bus active and reactive power injections,  
SCADA-measured branch active and reactive power flows, 
and the real and imaginary parts of PMU-measured branch 
currents.  

For each test system, 100 measurement samples have 
been created by means of a Monte-Carlo simulation method. 
The normal distribution is used to model the stochastic 
distribution of measurement noise, and the used standard 
deviations for all  measurement types are listed in Table I. 

 
TABLE I 

STANDARD DEVIATIONS FOR MEASUREMENTS 
 PMU SCADA 

Bus Voltage Magnitude(Per Unit) 0.0002 0.003 
Phase Angle(Degrees) 0.01 / 

Branch 
Current 

Magnitude(Per Unit) 0.0003 / 
Phase Angle(Degrees) 0.015 / 

Branch 
Power Flow 

Active Power(Per Unit) / 0.003 
Reactive Power(Per Unit) / 0.003 

Bus Power 
Injection 

Active Power(Per Unit) / 0.003 
Reactive Power(Per Unit) / 0.003 

 

A.  State Estimation of IEEE 14 Bus System  
Fig. 2 gives the schematic diagram of IEEE 14 Bus 

system. Its measuring points and measuring types are listed 
in Table II. For each branch, its measurements can be 
provided at two different directions, the positive direction 
and negative direction. The branch measurements at the 
positive direction are measured at the first terminal bus of 
two-terminal pair of the branch, and the negative direction at 
the second terminal bus. 

 
Fig. 2. IEEE 14 Bus Test System 

 
According to the measurement configuration and system 

topology, the system is divided into PMU and SCADA 
observed areas.  Each area contains several buses and all 
lines or transformers between those buses. 

 
 



  

TABLE II 
MEASUREMENT CONFIGURATION OF IEEE 14 BUS SYSTEM 

 PMU SCADA 
 

Bus 
Voltage 

Magnitude  
1,6,9 

2-5,7-8, 
10-14 

Phase 
Angle 

/ 

Branch 
Current 

(Magnitude 
& Phase 
Angle) 

Positive 
Direction 

1/2,1/5,6/11, 
6/12,6/13, 
9/10,9/14 

 
 
/ 

Negative 
Direction 

5/6,4/9,7/9 

 
 

Branch 
Power 

(Active & 
Reactive) 

 
Positive 

Direction 

 
 
/ 

2/3,2/4,2/5,3/4, 
4/5,4/7,4/9,5/6, 

10/11,12/13, 
13/14 

 
 

Negative 
Direction 

1/2,1/5, 2/3, 
2/4,2/5,3/4, 

4/5,6/11,6/12, 
6/13,7/8,9/10, 

9/14,10/11, 
12/13,13/14 

 
As shown in the table, the 14 bus system has three PMU 

measured buses, bus 1, bus 6 and bus 9. It is partitioned into 
two areas, one PMU observed area which  contains buses 1-
2,4-7, and 9-14, and one SCADA observed area which 
contains buses 2-5 and 7-8.  

Table III gives the computation results of single-level and 
two-level methods.  

 
TABLE III 

COMPARISON OF COMPUTATION 
 PERFORMANCES ON IEEE 14 BUS SYSTEM 

 
 

Method 

Maximum 
Mismatches 

Average 
Mismatches 

CPU 
Time 
(Sec.) Voltage 

(Per 
Unit) 

Phase 
Angle 
(Deg.) 

Voltage 
(Per 
Unit) 

Phase 
Angle 
(Deg.) 

Single-
level 
method 

 
0.00142 

 
0.08773 

 
0.00015 

 
0.00842 

 
0.019 

Two- 
level 
method 

 
0.00555 

 
0.11386 

 
0.00237 

 
0.03480 

 
0.003 

 
The accuracy of two-level method is slightly lower than 

the single-level method. If we look at the maximum 
estimation error, the maximum errors of the single-level 
method are 0.00142 per unit in magnitude, and 0.08773 
degrees in phase angle. In comparison, the maximum errors 
of two-level method are 0.00555 per unit in magnitude, and 
0.11386 degrees in phase angle.  

But the slight sacrifice of estimation accuracy is well 
rewarded by the gains in computation efficiency. As shown 
in the table, the computation time for two-level method was 
0.003 seconds compared to 0.019 seconds for single-level 
method. 

B.  State Estimation of IEEE 118 Bus System 
Fig. 3 is a schematic diagram of the IEEE 118 Bus 

system. Its measuring points and measuring types are listed 
in Table IV. 

Based on the measurement configuration, the system is 
divided into three areas: one PMU-observed area which  
contains buses 24, 65, 68-71, 74-85, 96-99 and 116, and two 
SCADA-observed areas, such that the first SCADA area 
contains buses 1-10,11-67, 69,71-76, 113-115,117, and 118, 
and the second SCADA area contains buses 82, and 84-112.  

 

 
Fig. 3. IEEE 118 Bus Test System 

 
TABLE IV 

MEASUREMENT CONFIGURATION OF IEEE 118 BUS SYSTEM 
 PMU SCADA 

 
Bus 

Voltage 

Magnitude  
68,70,77, 

80,83 

1-67,69,71-76, 
78,79,81,82, 

84-118 
Phase 
Angle 

/ 

 
 
 
 
 

Branch 
Current 

(Magnitude 
& Phase 
Angle) 

 
 
 

Positive 
Direction 

70/71,70/74, 
70/75,77/78, 
77/80,77/80, 
68/81,77/82, 
83/84,83/85, 
80/96,80/97, 
80/98,80/99, 
68/116,68/69 

 
 
 
 
 
 
/ 

Negative 
Direction 

65/68,69/70, 
24/70,76/77, 
69/77,75/77, 
77/80,77/80, 

82/83 
 
 

Branch 
Power 

(Active & 
Reactive) 

Positive 
Direction 

 

 
 
/ 

8/5,26/25,30/17, 
38/37,63/59, 
64/61,65/66, 

81/80, and all line 
branches except 
branches with 
PMU branch 

current 
measurements  

Negative 
Direction 

 
Table V shows computation results on the single-level 

and two-level methods of the 118-bus system.  
 

TABLE V 
COMPARISON OF COMPUTATION 

 PERFORMANCES ON IEEE 118 BUS SYSTEM 
Method Maximum 

Mismatches 
Average 

Mismatches 
CPU 
Time 
(Sec.) Voltage 

(Per 
Unit) 

Phase 
Angle 
(Deg.) 

Voltage 
(Per 
Unit) 

Phase 
Angle 
(Deg.) 

Single-
level 
method 

 
0.00134 

 
0.10779 

 
0.00016 

 
0.01850 

 
30.434 

Two- 
level 
method 

 
0.00243 

 
0.12362 

 
0.00035 

 
0.02167 

 
4.819 

 
The maximum errors of the single-level method are 

0.00134 per unit in magnitude, and 0.10779 degrees in 
phase angle. The maximum errors of the two-level method 
are 0.00243 per unit in magnitude, and 0.12362 degrees in 



  

phase angle. It took 30.434 seconds for the single-level 
method to find the solution, and 4.819 seconds for the two-
level method.  

Compared with single-level method, the two-level 
method has reduced the computational time of state 
estimation significantly, while maintaining almost the same 
level of estimation accuracy. 

IV. CONCLUSIONS 
A two-level hybrid state estimation method is proposed 

for power systems with SCADA and PMU measurements. 
Based on the system measurement configuration and 
topology connectivity, a power system is decoupled into 
PMU observed areas and SCADA observed areas to be 
solved.  The first level uses PMU measurements and pseudo 
measurements derived from SCADA power flow 
measurements to formulate a liner state estimation model for 
each PMU observed area, and the states of buses of the area 
are determined. The second level uses the SCADA 
measurements and pseudo measurements generated by 
results at first level to formulate an nonlinear state 
estimation model for each SCADA observed area. The 
weighted least square method is used to solve two level 
models. 

The test results of several  IEEE test systems have 
demonstrated the effectiveness of the proposed method. 
Compared with single-level method in which all SCADA 
and PMU measurements are used simultaneously in the 
estimation model, the two-level method reduces the 
computational time of state estimation significantly, while 
maintaining almost the same level of estimation accuracy. 
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